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Abstract

~t4 gatisfying an ultracontractivity bound of the type
e |2 00 < €™®) | we find conditions on the sequence ||A"f|];/n that imply that f is a
bounded function. Sobolev’s classical embedding theorem says that, when A is the Laplace

operator on RY, ||A¥f|l2 < oo for some k > d/4 suffices to imply that f is bounded. In

the cases we are interested in, the desired condition involves the whole sequence || A" f H;/ "

and depends on the behavior of the ultracontractivity function m.

Given a self-adjoint semigroup e
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1 Introduction

One of the classical uses of Sobolev embedding theorem is to show that an L? function on R?
having k derivatives in L? with k > d/2 is a bounded function. This has been generalized as
follows. Let e~*4 be a semigroup of self-adjoint operators on L?(X, u1), where (X, p1) is a o-finite
measure space. Assume that, for all ¢t € (0, 1),

le™ 200 = sup [le™gllo < CE/1.
lll><1

Then any function g € L*(X, p) such that A*g € L*(X, ) for some k > v/4 (roughly speaking,
this corresponds to 2k derivatives in L?, with 2k > v/2) must be a bounded function. See, e.g.,
[14, Théoreme 1] and the references therein.

The aim of the present paper is to obtain results in this spirit when the semigroup e~
satisfies an ultracontractivity bound of the type

tA

e |2moe < e™B, t >0 (1.1)

with a function m which tends to infinity at least as fast as log1/t as t tends to 0. We call
such a function m an ultracontractivity function for e=*4.
More precisely, we would like to obtain equivalences between (1.1) and properties such as

<1=geL™X,p) (1.2)

~ 1A"gll5™"
g€ ﬂ Dom(A"™) and hgl—igp o)
0



where the function m in (1.1) and the function ¢ in (1.2) are related in some explicit way.
We call any function ¢ such that (1.2) holds an embedding function for A. Following the
terminology of [14], we call (1.2) a generalized Gagliardo-Nirenberg inequality (although it is
rather an embedding property than an inequality). Similar questions were discussed in [16]
which focussed on problems related to the long time behavior of the semigroup. In this paper,
the focus is on the short time behavior.

We will also relate these properties to Nash type inequalities and characterize those functions
f on the real line such that ||e=/)||,_, ., < co. In fact, the connection between Nash inequalities
and ultracontractivity bounds is sharp when the explosion of m at 0 is not too fast, whereas
embedding properties of the form (1.2) give tight results when the explosion of m at 0 is fast
enough. There is a common zone where both techniques give excellent results (see Theorem
5.3), and two exclusive zones where apparently only one of them stays sharp. See the examples
in Section 6.

In Section 7, we consider the case where X has finite measure and A has discrete spectrum
(with L bounds on the eigenfunctions), and the case of invariant operators on abelian locally
compact metric groups. In these two cases, we prove sharp generalized Gagliardo-Nirenberg
inequalities even when m does not belong to the favorable zone.

In the final section 8, we exhibit families of concrete examples, namely invariant diffusions
on infinite dimensional tori and symmetric Lévy semigroups on the real line, which display the
whole variety of behaviors considered in earlier sections.

2 Ultracontractivity functions and their transforms

This section is of a technical nature, but introduces definitions that are crucial throughout this
paper. We start with a non-increasing non-negative function M, which will later coincide with
the (short time) ultracontractivity function m for e=*4, and define four transforms of M.

Given two non-negative functions f, g, we write f ~ ¢ to signify that there exist finite
positive constants a, b such that af < g < bf on the relevant domain. We write f ~ g (say, at
infinity) if f < (1+0(1))g and g < f(1+ o(1)).

2.1 The functions F and ®

In this section, we set up the machinery which is necessary to connect ultracontractivity esti-
mates with embedding properties in L>.

Definition 2.1 Let M be a non-increasing non-negative function defined on (0,+00) and such
that M(04) = co. For non-negative x, set

F(z) = Fy(z) = glg{tx + M(t)} (2.3)
and
D(r) = By (x) = sup {%e‘M(t)/”’} . (2.4)
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The function F' is non-negative, non-decreasing, concave, equals M (oco) at 0 and tends to
oo at oo. It satisfies F'(x) = o(x) at infinity and

Vae[l,00), Vo e (0,00), F(ar)<aF(z). (2.5)

The function @ is directly related to F' by

P(z) = Sg}g{yel‘Fiy) }, oz >0. (2.6)
y
Indeed, we have
_F) _ infyso{ty+M(H)} oty M(b)
sup{ye'’™ = } = supfye'" =} =supsup{ye' "=+ }
y>0 y>0 y>0 >0
— supfsupfye £ pe ) = sup {Le ) — (@)

t>0 >0 >0

Lemma 2.2 The function ® at (2.4) has the following properties:
1. ® is non-negative, non-decreasing, conver and satisfies lim, . [®(z)/x] = co;

2. For x > M(o0), Fo®(z) > .

Proof of Lemma 2.2 : It is clear that ® is non-negative and non-decreasing. It is convex
because x — xe~%? is convex for any a > 0. By (2.6), for any A > 0,

®(z) > Axe FAD/T,

Since F(x) = o(x) at infinity, it follows that ®(z) > Axz/2 for x large enough. Hence ®(z)/x
tends to infinity. To prove the second assertion, note that ®(z) > ye!~FW)/7) for any y > 0
and pick y such that F'(y) = z. Such a real y exists if z > M (o0).

Remarks : 1. If M(t) < C; + Cylog (14 1), then ®(z) = oo for all > Cy. If M(t) >
c1 + ¢ log (1 + %), then ®(z) < oo for all z < ¢s.

2. When M is convex, one can recover M from F' by the Legendre inversion formula (see,
e.g., [20]): M(t) = sup,so{—tz + F(x)}.

3. To see how one can retrieve M from ®, introduce the increasing function M (t) = M(e™),
t € R. Setting ®(z) = xlog[z ™ ®(x)], we have ®(z) = supTeR{Tx—M(T)}. When M is convex,
the Legendre inversion formula yields M (t) = sup, {7t — ®(7)} and one can recover M from
® by computing @, its Legendre transform [®]*, and using the formula M (t) = [®]*(log 1/¢).

4. If we are given two non-negative non-increasing functions M; < M, then, with obvious
notation, we have F} < Fy, &1 > ®,. If M;, M, are assumed to be convex, then F; < F, implies
M; < M, by Remark 2. If t — M;(e™"), May(e™") are assumed to be convex, then ®; > &,
implies M; < M, by Remark 3.



2.2 The functions N and ()

In this section, we set up the machinery which is necessary to connect ultracontractivity esti-
mates with Nash inequalities.

Definition 2.3 Let M be a non-increasing non-negative function defined on (0, +00) and such
that M(04) = co. For any real x, set
N(z) = sup{xt — tM(1/t)}. (2.7)

t>0

When M € C*, set also

—M' oM~ (z) if x> M(0)
Qz) = { 0 otherwise. (2.8)

Remarks : 1. The function N is convex and satisfies N(z) < 0 for all z < M(o0).

2. The function M is convex if and only if ¢t +— tM(1/t) is convex. Thus, if M is convex,
the inverse Legendre transform gives M(t) = sup,-o{x — tN(z)}.

3. When M is C! and convex (hence (Q monotone increasing), the function Q grows faster
than x at infinity. Indeed,

b b ds b d _1 A= a1
500 < ya = a0 = 7072~ 2

and M~! tends to 0 at infinity.

4. If M; < M, then Ny > N, and, by Remark 2, the converse holds if M;, My are assumed
to be convex. Note that ) does not enjoy such properties because of the use of M’ in its
definition.

Lemma 2.4 Let M be a non-increasing non-negative C' function defined on (0, +00) and such
that M(0,) = co. Let F,®,N,Q be as in (2.3), (2.4), (2.7) and (2.8).

1. Fiz a,b> 0 and set M(t) = bM (at). The associated functions F, &, N,Q are given by
F = aF(z/ab), ® =ab®(x/b), N(z)=abN(z/b), Q(z)= abQ(z/b)
and we have F o ®(z) = aF o ®(x/b).
2. Assume that M is convex. Then Q > N and:
(2a) If there exists b € (0,00) such that
—tM'(t) < bM(t) for allt small enough, (2.9)

then, for any € > 0 we have, Q(z) < (b/e)N((1+ ¢)x) for all x large enough.
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(2b) If there exists a > 0 such that
—tM'(t) > aM(t) for allt small enough (2.10)

then F o ®(z) < (1+ (1/a))x for x large enough.
(2¢) If both (2.9) and (2.10) holds then N ~ Q ~ ® at infinity.

Remark : Condition (2.9) requires that M does not grow too fast at zero, whereas condition
(2.10) requires that M does not grow too slowly.

Proof : Part 1 is proved by inspection. We now prove that () > N when M is convex. Given
x, the point tq where the maximum of zt — tM(1/t) is attained is such that x = M (1/ty) —
(1/to)M'(1/ty). Thus N(z) = —M'(1/ty). As M is decreasing we have = > M(1/ty), i.e.
M~ (x) < 1/to. Since M is convex, —M’ is non-increasing and —M' o M~ (z) > —M'(1/ty) =
N(z). Together with Remark 1, this proves that @ > N.

To prove (2a), fix « large enough and ¢ > 0, and define ¢; by © = (1 +¢)M(1/t1). Then
N(z) > ety M(1/t;) > —(e/b)M’(1/t;) and thus N(z) > —(¢/b)M’' o M~*(z/(1 + €)). This
gives the desired inequality.

To prove (2b), for any x large enough, define 7 = 7(z) by x = —M’(7) (note that 7 goes to
0 when z goes to infinity). Then F(z) = a7 + M(7) < 27 — (1/a)M'(7) = (1 + 1/a)xT. To
have an estimate for ®, for x large enough, define 0 = o(x) to be such that

(z/0)e MO/ = sup(z/s)e ™M/* = ().
s>0

Such a o € (0, 00) exists because M is C! and (2.10) implies that M grows faster than a positive
power of 1/t when t tends to zero. We have x = —oM'(0) and ®(z) < z/oc = —M’(c). Since
F' is non-decreasing, this gives

Fo®(r) < F(=M'(o(z))) < (1 + (1/a)) [-M'(o(x))]r(=M'(o(2))).
But 7(—M'(c(z))) = o(z). Hence
Fo®(x) < (1+(1/a) [-M'(o(z))o(x)] = (1 + (1/a)) z.
Finally, we prove (2c¢). By hypothesis, we have
aM(t) < —tM'(t) < bM(t) for all ¢ small enough. (2.11)
As above, ®(z) = (z/0)e”/®M) where x = —oM’(c). By (2.11), this gives ®(x) ~ —M'(0)
and x ~ M (o). As (2.11) implies that the two positive decreasing functions M, —M’ satisfy

M(2t) > cM(t) and —M'(2t) > —cM'(t) for some ¢ > 0 and all ¢ small enough (i.e. M and
—M'" are doubling near 0), we conclude that ®(z) ~ —M'o M~1(x) = Q(z) at infinity.



3 The eventual ultracontractivity of e~ sF(A)

Let (X, ) be a o-finite measure space. Recall that there is a one-to-one correspondence be-
tween semigroups (Hy)s~o of self-adjoint contractions on L?(X, ) and non-negative, possibly
unbounded, self-adjoint operators A on L?(X, u) via the relation Hy = e~*4, that is, —A is the
infinitesimal generator of H;. Let A be a non-negative self-adjoint operator on L?(X, u). Let
E\, A € [0,00), be the spectral resolution of A so that

A:/ AdE).
0

For any function f bounded from below we can consider the bounded self-adjoint operator
osf(A) / TN G,
0

t4 with function M to the even-

—sF(4) for s large enough.

The following result relates an ultracontractivity estimate of e~
tual ultracontractivity of e *¥(4), that is, the ultracontractivity of e

Theorem 3.1 Let H, = e7'4, t > 0, be a self-adjoint semigroup of contractions on L?(X, ).
Let M and F' be as in Definition 2.1 with M convex.

(i) Assume that |Hy|o—oo < eM® for all t > 0. Then, for any function f defined on
the positive semi-axis and such that f > F, the operator eI defined on L*(X, i)
is bounded from L*(X, pu) to L=(X, ) for all s > 1, uniformly on any interval (sq, 00),
So > 1.

(i) Assume that for some non-negative function f < F the operator e=*f4) is bounded from

L2(X, 1) to L=(X, i) for all s > s1 and set C(s) = |le=3fA||y_o. Then we have
HeitAHZHoo < C(S>63M(t/s)
for allt >0 and all s > sy.

For the proof, we need the following Lemma.

Lemma 3.2 Let M and F' be as in Definition 2.1 and set
U(r) = / e~ de M),
0
For all positive x, we have
e Pl < P(x) < (14 F(x))e_F(x).

In particular, at infinity, —log () ~ F.



Proof : For fixed x > 0, consider the convex positive function m,(t) = xt + M (t) on (0, 0).
The function m, tends to oo at 0 and at co. Let ¢, be the smallest ¢ at which m, attains it
minimum so that F(x) = m,(t,). We have

0 0 2%

S pe—Mt) /Oo et dt — e~ (@t M(te)) — ,~F(x)
ta

This proves the desired lower bound. For the upper bound, write

/OO e—mtde—M(t) _ :L,/OO 6—(xt+M(t))dt
0 0

0 F(x)/x

< x/ e_F(I)dt+/ e “du
F(z)

[en]

= F(z)e @ 4 F@)
That —log1 ~ F' at infinity follows easily from these two bounds.

Proof of Theorem 3.1 : We use some ideas from [16, Prop. 1.3]. To prove the first statement,

set o
wt(x) _ / e—xsde—tM(s/t)'
0
Applying Lemmas 3.2 and 2.4 with M,(s) = tM(s/t), t > 0 fixed, shows that
Vit >0,Ve >0, () >e @,

As a consequence, e~/ (4)q),(A)~! is a bounded operator on L?(X, ) with norm less than one

. Hence, for any f > F and any t > 1, we have

Je Dy e = (A DAY oo < [ (A) o oelle™ D (A) s
/ ™| o code 1) S/ M) ge=M(®)
0 0

%) o—tM (c0) Moo (1
/ eMi(8)/t o—Mi(s) — / T Ytgr = w
0 0

IN

IN

which proves the claim.
To prove the second statement, let f < F' and note that

etxefsf(a:) _ et:vfsf(:v) > etxst(:v) > etl’*S(TiEﬁ*M(T)) — eﬁ(t*ST)*SM(T)

— )



for all s,t, 7,2 > 0. In particular, for 7 = t/s, we get e~@e3/(@) < esM{/5) Tt follows that

||(6_Sf(A))_16_tA||2_,2 < GSM(t/S).

Hence, for all s > s,
le™  lamoo < fle™ oo (e ) Tl e™ 5y < C(s)es™ ).

This ends the proof of Theorem 3.1.

4 Embeddings into L*°

Our first result involving the function ® is the following theorem.

Theorem 4.1 Let M, F,® be as in Definition 2.1 with M convexr. Assume that ® only takes
finite values and that there exists T' > 0 such that

00 An 1/n
g€ ﬂDom(A") and lim sup 14", <1l=geL™X,n).
0

nooo € 1®(n/T)
Then
Vs> T, |[le W], s < 0.

In particular, for allt > 0 and all s > T, there exists a constant C(s) such that
e o < O(s)e™ 02

Proof : Let g be in L*(X, ) with ||g|]|l2 = 1. Then, spectral theory and the definition of ® give

1/n
HAne—tF(A)gH;/n < (SUIO) xne—tF(z))
>

= supze” W/MF@ — o=l (n/t).
x>0

Thus, the function h = e=*FWyg is in N3° dom(A") and |A"R||Y™ < e"'®(n/t) for all n. By
hypothesis, this implies that h = e7**(4) g belongs to L®(X, ) if t > T. Hence, by the closed

graph theorem,
Vit>T, Ct) = |le Wy < 0.

By Theorem 3.1, this gives that [le™*||s0 < C(5)e*M/®) for all t > 0 and all s > T

Our next result provides a partial converse for Theorem 4.1.



Theorem 4.2 Let M, F be as in Definition 2.1 with M convex. Assume that ¢ is a non-negative
function such that
Fo¢(z) < ke. (4.1)

for some k > 0 and all x large enough. Assume further that there exists to > 0 such that

7t0F(A) |

e e < 00,

Then, for any T > 2etgk, the implication

<1 = geL™X,p)

g€ ﬁDom(A”) and lim sup W
0 n—oo  ¢(n/T)

holds true.

The proof of this theorem requires two lemmas. For any n > 1, consider the following functions.

M,(t) = [ME/™)", t>0; (4.2)
F.(x) = %I;g{xt + M, (t)} = Fu, (x), x> 0;
Foy(z) = [F(zY™)]", z>0. (4.4)

Lemma 4.3 Let M, F' be as in Definition 2.1. For each integer n > 1, the function M, is non-
increasing and convex. The function F, is non-decreasing, concave and satisfies F,(z) = o(x)
at infinity. Moreover

Fy < Fiuy <2V7'F,. (4.5)

Proof : Computing derivative, we have

M (1) = U (] =M (),

(1=1/7) and the two other factors are non-increasing, M’ is non-decreasing, i.e., M,

Since t~ .

is convex. The stated properties of F,, = F);, easily follow (see Definition 2.1). The double
inequality (4.5) follows easily from a"+b" < (a+0b)" < 2" 1(a"+0b"), a,b > 0. The usefulness of
this lemma is apparent in Lemma 4.4 below and comes from the fact that F{,) is not, in general,
a concave function on (0,00) (it is concave on a neighborhood of infinity, the neighborhood

depending on n).

Lemma 4.4 Let M, F be as in Definition 2.1. Let A be a non-negative self-adjoint operator
on a Hilbert space H. For any w € H with ||u|| = 1, and any integer n, we have

IECA)] ]|V < 2 (]| A™ul''™).
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Proof : By spectral decomposition, the definition of F3, and the right-hand side inequality in
(4.5), we have

IEAul? = / )P By, )
— /OOO[F(Qn)()\Qn)]d<E)\U, U)
< g2 /O " (B () d( By, ),

where (-, -) denotes the scalar product in H. Since Fy, is concave, Jensen’s inequality gives

lEPa < 2m, ([
0
= 22nF2n (HATLUH2) < 22nF2n (HAnuH )
Here we have used (4.5) to obtain the second inequality. This proves Lemma 4.4.

Remark : Recall that a function F' : [0,00) — [0,00) is a Bernstein function if F' is
smooth and satisfies (—1)”+1F(”) > 0 for n > 1 (here, F® is the n-th derivative of F). Then
Fioy(z) = [F(z"/™)]™ is also a Bernstein function (see [10]). In particular, F{, is concave for all
n. Hence, for any Bernstein function F', the conclusion of the lemma can be improved to

IE Al < F(lA™a")

and, in that case, the proof follows immediately from spectral theory and Jensen’s inequality.
In particular, for F(z) = 2%, a € (0,1), we have Kolmogorov’s inequality

LA™ ] < [JA™ | [l
Proof of Theorem 4.2 : Set T = 2etoxS with S > 1. Fix g € (), dom(A™) such that
llgll2 = 1 (this is no loss of generality) and
—
limsup —~—=— < 1.
o G0/ T)
Then we have

1
|A"g||3/™ < %ngﬁ(n/T) for n large enough. (4.6)

To show that g € L>(X, i), write

tn tn " il/n
Yl < Z —E A"l < Z—O, 2F (| Amg|l5™)]"

0

H@tOF(A

11



< G+ SF oo/

(1 T 1 "
< 01—1-02-1-2 +S):|t0n/ ) —Cl—i—Cz—i-Z n/e (;_SS) < 0.

Here we have used Lemma 4.4 to obtain the second inequality, (2.5) and (4.6) to obtain the
third inequality and the hypothesis (4.1) to obtain the fourth inequality. The finite constants
(4, Cy appear here to account for the finite number of terms to which both (4.6) and (4.1) do
not apply because n is not large enough.

Thus eF g € L2(X, u). By hypothesis, e *F ) is bounded from L?(X, u) to L=(X, u).
Hence, g = e 0P [etoF (A gl is in L>°(X, ). This ends the proof of Theorem 4.2.

We can now state one of the main theorems of this paper.

Theorem 4.5 Let M, F,® be as in Definition 2.1 with M convexr. Assume that there exists a
finite positive constant k such that

Fo®(z) < kx, forallx large enough. (4.7)

Let —A be the infinitesimal generator of a self-adjoint semigroup of contractions on L*(X, ).
Then each of the properties listed below implies the one following it.

1.Vt >0, |le a0 < MO,
2.Vt > 1, [leF M|y < 00.

3. There exists T > 0 such that

An 1/n
g€ mDom A™) and limsup 1A%l

s W_1 — g€ L™(X,p).

4. Vt>T, |lem W], < oo

5. For each s > T there ezists a finite positive constant C(s) such that, for all positive t,
He_tAH2~>00 < C(s)eSM(t/S).

This statement follows from Theorems 3.1, 4.1 and 4.2. Roughly speaking, this theorem says
that properties 1, 2, 3 above are equivalent under the hypotheses of the theorem. Lemma 2.4
shows that Theorem 4.5 applies if M is convex, C'!, and satisfies (2.10).

12



5 Relations with Nash type inequalities

For the results in this section, we need to assume more than the mere fact that e7*4, t > 0, is
a semigroup of self-adjoint contractions. We will assume that (e7*4),~¢ is sub-Markovian, i.e.,
e~4 is self-adjoint on L%(X,p) and satisfies 0 < f <1 = 0<e™f <1, forallt > 0. In
fact, what is really needed is simply that e~*4 acts on L'(X, ) and L*>(X, ) with norm at
most 1. _

Recall the following result from [15] (the functions m, 6, 6 of [15] are related to our functions

M, N, Q, by logm(t) = 2M(t), 0(z) = xN(log/z), 6(x) = 22Q(log+/x)). Here (-, ) denotes
the scalar product in L*(X, u).

Proposition 5.1 Let —A be the infinitesimal generator of a sub-Markovian semigroup on
L*(X, ). Let M, N and Q be as in Definition 2.3.

1. [15, Pro. 11.2] Assume that, for all t > 0, |[e7*||z0o < €M) Then
vV f € Dom(A) with ||l <1, [[fI5N(logllfll2) < (Af, f) (5-8)
holds true.

2. [15, Pro. 11.1] Assume that the Nash type inequality

vV f € Dom(A) with || fly <1, [[fI15Qog || fll2) < (Af, f) (5.9)
holds true. Then, for allt >0, ||e™*||s 0 < eM®.
The next theorem follows from Proposition 5.1 and Lemma 2.4.

Theorem 5.2 Let — A be the infinitesimal generator of a sub-Markovian semigroup on L*(X, p1).
Let M be a C' convex non-increasing function defined on (0, +00) and such that M(0,) = oo.
Let N be defined by (2.7). Assume that M satisfies (2.9), that is, there exists b such that
—tM'(t) < bM(t) for allt small enough. Then the following properties are equivalent.

1. There exist c1,co € (0,00) such that

Vi>0, |le”rme < ecrM(ezt)

2. There exist c3,cq € (0,00) such that
vV f € Dom(A) with |l < 1, es|l 3N (calogllfll2) < (Af, f).

This should be compared to [15, Theorem I1.5, page 516] which is very much in the same spirit.
As already mentioned above, our functions M, N, () are precisely related to the functions m, 5, 0
of [15]. However, the hypothesis made in [15] that m satisfies the condition (D) considered there
is (slightly) stronger than the hypothesis that M satisfies (2.9). The conclusion of [15, Theorem
I1.5, page 516] is stronger than ours because it yields ¢4, = 1.

Putting together Lemma 2.4, Theorem 4.5 and Theorem 5.2, and noting that under the
assumptions below M and ® are doubling functions, we obtain the following result.
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Theorem 5.3 Let M, F,® be as in Definition 2.1. Assume that M is C', convex, and that
there are constants a,b € (0,00) such that (2.11) holds, that is, aM(t) < —tM'(t) < bM(t)
for all t small enough. Let —A be the infinitesimal generator of a sub-Markovian semigroup on
L3(X, ). Then the following properties are equivalent:

1. There exists ¢; € (0,00) such that, for all t > 0, |[e™*]|z 00 < M ®),
2. There exists to > 0 such that, for all t > to, ||e 7@l < 0.

3. There exists Cy € (0,00) such that for any function f € (), Dom(A") we have

n—o0 ®(n)

4. There exists Cy € (0,00) such that the Nash inequality
vV f € Dom(A) with || [l <1, [[fl5® (ogllfll2) < Co ((Af. f) + | fII2)

1s satisfied.

An 1/n
limsup{m} <Cy= fel>®X,p).

For another discussion related to Nash inequalities we refer to [5].

6 Discussion of specific behaviors

In this section we compute F,®, N, () for some explicit functions M and spell out how the
results of the previous three sections apply.

6.1 The classical case M(t) =c+ $log(1+ 1), ¢,d > 0.

Here, the important parameter is d which plays the role of the dimension. A simple computation
shows that there are constants c;, ¢ > 0 depending on ¢, d such that

a1+ izilog(l +2) < F(z) <+ glog(l + ).
Theorem 3.1(i) says that if, for all ¢ > 0, [[e=*||s—0c < C1(1+ 1)¥/* then (I + A)~* is bounded
from L2(X, u) to L=(X, uu) for all a > d/4. Theorem 3.1(ii) says that if (I + A)~%* is bounded
from L*(X, ) to L>(X, ) then there exists a constant Cy such that |[e ™" |ooo < Co(14+1)%4/4,
Compare with the somewhat sharper result in [14, Th.1].

The function ® satisfies ® = oo on (d/4,00) so the results of Section 4 (except Theorem
4.2) do not apply. Theorem 4.2 gives a very weak result. Namely, by taking ¢(z) = €7, it yields
that if, for all £ > 0, [[e™"|o—0e < C1(1 4 3)¥* then any function g € NgF*Dom(A") satisfying

limsup e 7| A%g||3™" < 1

n—oo
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for some 7' large enough must be bounded. Theorem 3.1 gives a better result. In general, the re-
sults of Section 4 are not entirely satisfactory when applied to relatively tame ultracontractivity
functions M.

The functions N and @ satisfy N(z) ~ Q(z) =~ exp((4/d)x) for x large enough. Proposition
5.1 (i.e., [15]) yields the equivalence between [|e ™o < C1(1+1)%* and the Nash inequality

IFI2OTD < o ((AF, ) + IIFII2) £V, Note however that Theorem 5.2 only yields a weaker
result. Namely, it states that a “polynomial” bound [e™*4||>.o < Cy(1+4 1), for some a > 0,
is equivalent to a Nash inequality of the type || f|2"™ < CL((Af, f) + [IF1I2)IIf]>® for some

3 > 0. The correspondence between o and 3 has been lost in this statement (one should have

B =2/a).

6.2 The case M(t) = ¢ + collog(1+ 1)}, c1,c0 >0, A > 1.

Somewhat tedious computations show that

F(z) ~ 1+ [log(1+2)]*, ®(z) ~ zexp <(1 _ %) (Q%)l/(k—l)> |

Theorem 3.1 yields the equivalence between the ultracontractivity property
Jey,00 >0, V>0, e |amoo < et teloslnl (6.10)

and A
Jtg >0, Vit >tg, ||e s+, < 0.

Theorem 4.5 does not apply because, for large z, F o ®(z) ~ 2?1 and thus condition (4.7)
is not satisfied. Nevertheless, we can apply Theorem 4.1 and Theorem 4.2. Theorem 4.1 says
that, if there exists T such that

n ||11/n
|Ang |5

S S1 = ge LX),

g€ ﬂDom(A”) and lim sup

0 n—oo

then there are constants ¢;, ¢y > 0 such that (6.10) holds. Theorem 4.2 says that, if there are
constants ¢, ca > 0 such that (6.10) holds, then there exists 7" such that

n 111/n
1Ay

n—o0

g€ ﬂ Dom(A™) and lim sup
0

Thus we have not quite obtained the desired equivalence between ultracontractivity and em-
bedding in this case. Again, this reflects the unsatisfactory nature of the results of Section 4
when applied to tame functions M.
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The functions N, @) satisfy
N(z) =~ Q(z) ~ AV exp ((x/CQ)l/’\> .

Theorem 5.2 gives the equivalence between the ultracontractivity property (6.10) and the Nash
type inequality

v f € Dom(A) with || f]l; < 1, esf| fII3 expleallog(L + [[fll2)]*) < (AL, £) + 1 F115-

In this statement, no information is given on the relation between the important constants
co, c4. The computation of N and () above and a direct application of Proposition 5.1 yield a
more precise result.

6.3 The case M(t) =c; +t 7, ¢, A > 0.

This is, in a sense, typical of the cases we want to consider in this work. Section 6.5 treats the
more general case when M is regularly varying. Set A = A/(1 + A). One easily computes

Flr)=ca+ 1+ A, () = A~ LAp—A(+er /@) 1/X

and

T2 ,
Mo =2 (350) L Q@ =AY, sz

Theorems 3.1, 4.1, 4.2, 4.5, 5.2 all apply as well as Theorem 5.3 which, for sub-Markovian
semigroups, states the equivalence of the following properties:

1. There exists ¢; > 0 such that, for all £ > 0, [Je " [ee < e+

2. There exists ty € (0,00) such that, for all ¢ > ¢, ||e_tAA/ llo—00 < 00;

3. There exists a finite positive constant C' such that for any f € ()" Dom(A"),

lim sup {n_l/)‘/HA"fH;/n} <C = feL®X,up).

4. There exists C € (0,00) such that for all f € Dom(A) with || f|l; < 1, we have

IF130og(L + [LF )]V < CL{(AF, £) + [IF112)-
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6.4 The case M(t) = cleCQ[IOg(H%)]A, c1,ca, A > 0.

This is really two different cases depending on whether A € (0,1) or A € (1,00). For A =1, it
reduces to M (t) = (1 + 1)° which is essentially the case treated in Section 6.3. For any fixed
A € (0,1), log F(z) ~ callog(1 + x)]* and there are constants c3, ¢, > 0 such that

czexp (cz(log(l+ 2)]Y) < F(z) < cyexp (calog(l + 2)]*) .
When instead A\ € (1, 00), there exist constants ¢z, ¢4y > 0 such that
c3 (14 x) exp (—04(log(1 -+ x)]l/A) < F(x) <cy(1+x) exp (—cg(log(l + x)]l/)‘) )

Theorem 3.1 applies but we will not write the result explicitely.
Concerning the function ®, there are c5, cg > 0 such that

z exp (cs(log x)l/’\) < &(x) < wexp (cq(log x)l/’\)

for  large enough. When A\ € (0,1), tedious computations show that z 'F o ®(z) tends

to infinity at infinity, hence Theorem 4.5 does not apply. When A > 1, (2.10) holds true,

F o ®(x) = x, and Theorem 4.5 applies. For any A\ € (0,00), we can still apply Theorems 4.2

and 4.1 which actually give a quite satisfactory result stated below in Theorem 6.1.
Computing N and @, one finds that, for large z,

Q(z) = x (log x)(’\fl)/’\ exp <(CQ_1 log(:zr/cl))l//\>

and that there are constants ¢z, cg € (0, 00) such that

T exp <C7 (log a:)l/’\) < N(z) < zexp <Cg (log x)l/’\) .

If A € (0,1), Lemma 2.4 and Theorem 5.2 apply. If A > 1, one can check that N is substantially
smaller than @) in the sense that, for any fixed A > 1, N(Az) = o(Q(x)) at infinity.

As (2.11) fails if A # 1, Theorem 5.3 does not apply. However, Theorems 4.1, 4.2 and
Proposition 5.1 yield the following result (recall that log(s) = log(1 +log(1 + s))).

Theorem 6.1 Fiz A € (0,00). Let —A be the infinitesimal generator of a sub-Markovian
semigroup on L*(X, ). The following properties are equivalent:

1. There exist ¢, s € (0,00) such that, for allt > 0, ||e™4][pne < & @P(e2llos@+HI)

2. There exists cs € (0,00) such that for any function f € (), Dom(A") we have

An 1/n
limsup{ﬁ} <oo = felL™X,u).

nooo | necslogm)t/A
3. There exist ¢y, c5 € (0,00) such that for all f € Dom(A) with ||f|1 < 1, we have
1/2
callF13108(1 + [1Fll) exp (cs (108 1£12)™) < (A1, 1) + 13

Note that this statement does not give information on the relationships between the important
constants cg, c3, c5. This reflects in part the fact that Theorem 5.3 does not apply.
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6.5 Regular variation

This section generalizes the example M (t) = ¢; +t~* by treating functions of regular variation.
Recall the following classic definition (see [13]). A measurable positive function f is of regular
variation of index A (at infinity), A € R, if, for all p > 0,

lim f(px)/f(z) = p*.

The class of these functions is denoted by R,. Functions in Ry are called slowly varying
functions.

A positive function f is of smooth regular variation of order A (i.e., f € SR,) if h(z) =
log f(e”) is smooth in a neighborhood of infinity and

lim A/(z) =\, lim A" (z) =0 foralln=2,3,....

T—00 T—00

According to [13, (1.8.1")], a function f is in SR, if and only if it is smooth in a neighborhood
of infinity and

lim 2" f™(2)/f(x) = XA —=1)..(A=n+1) foralln=1,2,....

Tr—00

By [13, Th 1.8.2], for any f € R, there exist fi, fo € SR, such that f; ~ fo and f; < f < fo
in some neighborhood of infinity. For \,a, 8 € R, the function f(t) = t*(logt)*(loglogt)” is
an example of a function in R,.

Proposition 6.2 Let M, F,® be as in Definition 2.1. Assume that t — M(1/t) € SR, for
some A > 0. Set N = \/(1+ \) and M;(t) =t"'*M(t). Then

1. F € SRy, in fact there exists ay > 0 such that F ~ ayM o Ml_l.
2. ® € SRy, in fact there exists by > 0 such that ®(x) ~ byx /M (z).
3. There exists cy > 0 such that F o ®(x) ~ cyxx at infinity.

4. N = @Q = ® in a neighborhood of infinity. In fact, there exist dy,d\, > 0 such that
N ~ d\®, Q ~ d\.

Proof : The function t +— zt + M(t) attains its infimum at 7 satisfying © = —M'(7). As
tM'(t) ~ —AM(t) as t tends to 0, we have Tx ~ AM (1) (as z tends to infinity). This implies

F(x)=12+ M(7) ~ 1+ NM(7) ~ (1 + )M o [-M'](z).

It is well known that M € SR_, implies —M' € SR_;_, and [-M']"* € SR_;/14,). Hence
F € SRy /(14+x). This proves the first statement. To prove the second and third statements,
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consider the function y +— ye!~(/®FW Tt attains its supremum at at point z such that
x = zF'(2). As zF'(z) ~ NF(z), we have F(z) ~ z/\ and

(I)(.CE) ~ 61—(1/)\’)2 ~ 61_(1//\I)F_1(1‘/)\/) ~ 61_(1/)‘/)(1/)\/)1//\IF_1(IL’).

Hence, ®(z) € SRy/» and F o ®(x) ~ cyx. The last assertion follows from the proof of Lemma
2.4(2c).
Theorem 5.3 applies in this setting and yields the following result.

Theorem 6.3 Let M, F,® be as in Definition 2.1 with M conver. Assume further that t —
M(1/t) € SRy, for some X\ > 0. Set My(t) = t"*M(t). Let —A be the infinitesimal generator
of a sub-Markovian semigroup on L*(X, ). Then the following properties are equivalent:

1. There exists ¢; € (0,00) such that, for all t > 0, ||e7 a0 < M),
2. There exists to > 0 such that, for all t > t, \|6_tM°M171(I+A)||2HOO < 00.

3. There exists Cy € (0,00) such that for any function f € (), Dom(A") we have

. A" £l -

4. There ezists Cy € (0,00) such that the Nash inequality

log || f1|2 2
A

¥ f € Dom(A) with [[fs <1, fl55;

15 satisfied.

In order to apply this theorem in concrete cases, one needs to compute M~! and M; '. This
can be done by using Proposition 1.5.15 and Proposition 2.3.5 in [13]. The following examples
illustrate such computations. Set log)(t) = log(1 + ¢) and

log ) (t) = log(1 + logj,_1(1))- (6.11)

Proposition 6.4 Fiz A\ > 0 and set X' = \/(1+ \). Assume that M(t) = t=((1/t) where ( is
a slowly varying function.

1. Assume that ((t) = H’f(log(i) t)%. Then

F(z) ~ ¥ l(x)N, ®(x) ~ Y 0(x)™Y at infinity.
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2. Assume that ((t) = exp (e(logt)’) with 3 € (0,1/2) and e = £1. Then
F(z) ~ 2 exp (e(1+ )"’ (logz)”)

and
®(z) ~ N exp (—ex™'"P(logz)?) at infinity.

3. Assume that ((t) = exp (e(logt)?) with 3 € (1/2,1) and e = £1. Then there are positive
finite constants ¢;, 1 < i < 4, depending on X\ and (3, such that, at infinity,

2 exp (eci(logz)?) < F(z) < 2 exp (eca(log z)7)
and

2V exp (—ecs(logz)’) < ®(z) < 2/ exp (—ecs(log z)7) .

Proof : These results involve tedious computations. A basic tool is the asymptotic inverse
formula of [13, Prop. 1.5.15]. For the first statement, one also uses [13, Prop. 2.3.5] (see [13,
Ex. 1, p. 433]). For the second statement, one uses [13, Ex. 3, p. 435]. The third statement,
which is less precise, is obtained by inspection.

6.6 The case M(t) = exp(g(1/t)), g € SRy, A > 0.

This is a case where M is a rapidly varying function. The proof of the following proposition is
along the same lines as the proof of Proposition 6.2.

Proposition 6.5 Let M, F be as in Definition 2.1. Let ® be as in (2.6). Assume that M(t) =
exp(g(1/t)) where g € SRy for some A > 0. Then

1. F(z) ~x/g *(logx) at infinity;
2. ®(z) ~xg '(logx) at infinity;
3. Fo®(z) ~x at infinity.

Proposition 1.5.15 and Proposition 2.3.5 in [13] show how to compute g~!. Proposition 6.4

above gives formulas in some special cases. Theorem 4.5 applies nicely in this setting and
yields the following.

Theorem 6.6 Assume that g € SRy for some A\ > 0. Let —A be the infinitesimal generator
of a self-adjoint semigroup of contractions on L*(X,u). Then the following properties are
equivalent.

1. There exists ¢ > 0 such that Yt > 0, ||e 7|y 00 < eP9(1/8),
. —tg—tA)__
2. There exists ty > 0 such that ||e "¢ Toel+A) ||, < 00.
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3. There exists a constant C > 0 such that

n. 111/n
| Ay

u € ﬂDom(A") and lim sup <C = wuelL®X,p).
0

nooo g~ 1(logn)

Note that this is a case when Nash techniques break down because N/@ tends to 0 at infinity
(see [17, Example 2.3.5]). Indeed, N(z) ~ rg~'(log z) whereas Q(z) ~ z(logz)g ' (log x).

7 Further results concerning tame behaviors

This section presents a different way of relating the behavior of “ultracontractivity functions” to
that of “embedding functions”. If M is as in Definition 2.1 and & is defined by (2.4), Theorem
4.1 states that the embedding property (1.2) with ¢(z) = ®(x) implies the ultracontractivity
bound (1.1) with m(t) = M (t) + ¢ for some constant ¢. Theorem 4.5 provides a converse only
in the case when (4.7) holds, that is, when there exists x > 0 such that

Fod(x) < ka.

This condition excludes the case where the behavior of M is “tame”. For instance, (4.7) does
not hold when M (t) = ¢; + coflog(1 + 1/)]*, ¢1, ¢ > 0, A > 1. See Section 6.2.

Under additional hypotheses on the infinitesimal generator A, this section gives an equiv-
alence between (1.1) and (1.2) that covers more or less exactly the cases where Theorem 4.5
does not apply.

7.1 Probability spaces with polynomially bounded eigenfunctions

Let e7*, ¢t > 0, be a semigroup of self-adjoint contractions on L*(X,u). In this section, we
assume that (X, u) is a probability space and that there exists a countable orthonormal basis
(u;)5° of L*(X, ) such that u; € Dom(A) and Au; = \u; with 0 < A\g < A\ < ... < oo and
lim; .o \; = oo (eigenvalues are repeated according to their multiplicity). We set

r(i) =#{j: A < M} (7.12)

Thus, if all the eigenvalues \; are distincts, we have (i) = 1 + ¢ but if the multiplicity of the
eigenvalues grows with 4, r(i) can be much larger than i. We consider the condition

there exist C,a > 0 such that ||u;||. < Cr(i)?, (7.13)
which may or may not be satisfied.

Theorem 7.1 Let (X, 1) and (e 1)~ be as described above. Let M,® be as in Definition
2.1. Assume that M is C*, that t — —tM'(t) is decreasing on (0,00) and tends to oo when t
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tends to 0. Assume that there exists b > 0 such that (2.9) holds, that is, m(t) < bM(t) for all
t small enough, and that ® does not take the value +00. Assume also that condition (7.13) is
satisfied. If, for all t > 0, we have ||e g0 < MW then, for any T > 2(1 + a)(1 +b),

1/n

g€ ﬂDom (A™) and limsup 14%g1l2

m s W_l = g€ L™(X,p).

We will need the following lemmas.

Lemma 7.2 Let (X, p) and (e7') 0 be as described above. Let M be as in Definition 2.1 and
N be the Nash function associated to M by (2.7). Assume that ||e”*||s0o < eM®. Then, for

any integer k,
Ao > N (1og Mr(k:)) .

Proof : By the spectral and ultracontractivity hypotheses concerning A, the semigroup e
admits a bounded kernel hy(x,y) which is given by

= e () (y)
0
and satisfies hyy (2, ) = ||h(2,-)||2 < |le7? |2, < €M@, Using the hypothesis that u(X) =1,

we obtain
/ hot(x, x)dp(x Ze 2N < 2M()

By Definition (7.12), this implies

—tA

r(k,>6—2t>\k S 62M(t).

Thus, for any ¢ > 0, A\, >t~ (log Vr(k) — M(t)) or, equivalently

Ak > sup {Tlogm —TM(l/T)} =N (log \/@> .

7>0

Lemma 7.3 Assume that M and ® are as in Theorem 7.1 and N as in (2.7). Then, for any

fized K, yo,t >0,

. L. y? Ko(y) —17-—b

| — | < —(14+0b""K.
lirlsol.}pxylglyr;{y—l—t Og(N(x) < -(1+9)
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Proof : From the definition of NV in terms of M, it follows that, for each x large enough, there
exists to = to(z) € (0,00) at which the maximum defining N(z) is attained; this ¢, satisfies

x = —toM'(to) + M(ty), N(z)=—M(to) (7.14)

and tends to 0 when z tends to infinity. In particular, for = large enough, (2.9) implies
_tQM/(tO) < bM(to)

For @, if y is such that ®(y) is finite, then there exists t; = ¢;(y) € (0,00) at which the
maximum defining ® is attained and this ¢; satisfies

M(t1)

Yy = —th/(tl), (I)(y) = —M’(tl)eth’(H). (715)

Because we assume that ¢ — —tM’(t) is decreasing, ¢ (y) is uniquely determined by the equation
Yy = —th,(tl).
Now, fix = large enough. Let ¢y be as above and set y = —t; M’(t;) with t; = Kty. Then

M(t1)

Bly) = —M'(1)e
As m is decreasing, we have —KM'(t;) < —M'(ty) = N(z). Thus

y log (%) < —M(ty).

By (2.9), for small enough ¢, (i.e., large enough z), we have M(t,) < K°M(Kty) and thus
x = —tgM'(tg) + M(to) < (14 b)M(to) < (14 b)K M (t,). Tt follows that

2 K®
Y og Yv) o __y

- 14+ Kby
Yt N(x)_y+t( ) v

Since y tends to infinity with z, we conclude that

2
lim sup 1 min{ i log <§(y) ) } < —(14+b) 'K

z—oo L Y>Yo Yy + t (l‘)

as desired.
Proof of Theorem 7.1 : We want to show that for any 7" > 2(1 4 a)(1 + b), the condition

~ : 1A g5™"
Dom(A" 1 — 0 <1 1
g e |0| om(A") and 1£risolip Sn/T) = (7.16)

implies that ||g||.e < co. For any function g € L*(X, ), let g = > grug, gx = (g, us), be the
expansion of g along the orthonormal basis (u;)3°. We have [|[A"g||3 = > "5 |gx|*A7" and thus,
if ¢ satisfies (7.16), for any K > 1, there exists nx such that for all n > nx we have

1/n

‘gk|<€nlog(||A"g||2 /M) < gnlos(K@(n/T)/N (log /r(K)) ) (7.17)
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where we have used Lemma 7.2 and the assumption on g to obtain the second inequality. Now,
let n, z be such that n < z <n+ 1 and K®(n/T)/N(log /r(k)) < 1. Then, we have

K®(n/T) < 22 1 K®(z/T)

N (logv/r(R)) ) 21 - N (tog v/7(R))

Hence, for all k large enough,

nlog

inf < nlog K®(n/T) < inf y_2 log Ko(y/T)
nmK N (log wr(k)) o |yt N <log \/T(kj))
2 Ko
= T inf v log )

yoni/T | y+T N <log m)

By Lemma 7.3, given ¢ € (0, 1) there exists k. such that, for all k£ > k., we have

inf < nlog Kon/T) <—Mlog r(k).

n>ng N (10g m) ~ (1+b)K?

_ T(1l—¢)
Reporting this in (7.17) yields |gx| < r(k) 20+0x° for k > k.. By hypothesis, |ux| < Cr(k)®.
Hence

& _ _T(-¢) a
91 =13 gl < C <||9||2(1 Fhr() + 3 r(k) Fiw ) |
k

ke+1

Since T'> 2(1 4+ a)(1 +b) and € € (0,1), K € (1,00) are arbitrary, we can pick &, K such that

_TA-9) oo
21+ Kb ST

_ T(-¢) a
Since (k) > 1+k, for such a choice of £, K the series ) r(k) 20+0x7 " converges and it follows
that g € L*>(X, u). Theorem 7.1 is proved.

Let us illustrate the hypotheses made in Theorem 7.1, especially (7.13), by looking at the
case when X = G is a compact metrizable group equipped with its normalized Haar measure and
—A is the infinitesimal generator of a vaguely continuous convolution semigroup of symmetric
probability measures (i;)~0. Hence, e7™ @ f s e f = fxpu, t > 0, is a self-adjoint
semigroup of contractions on L?(G). By the Peter-Weyl theorem, representation theory provides
us with a complete set of orthonormal eigenfunctions for A, formed of normalized matrix
coefficients d,l,/ 2pi,j where p runs over of all irreducible representations (modulo equivalence)
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and d, = dimV, is the dimension of the irreducible unitary representation (p,V,). Note that
the p;; depends on A, namely, p;;(z) = (p(x)e;, e;) where (e,)¥ is an orthonormal basis of
V, which diagonalizes A, : V, — V, where A,v = Ap(z)v|,_ . Because we assume that G is
metrizable, this orthonormal system is countable.

Let us first consider the case when G is abelian. In this case, all the irreducible represen-
tations are of dimension 1 and the matrix coefficients (one for each irreducible representation
class) are the characters v of G which form the dual group G of G. Tn particular, viewed as
a function on G, any v has modulus |y| = 1. Thus, in this case, (7.13) holds with a = 0 and
Theorem 7.1 applies (Section 7.2 below generalizes this result to the case when G is a metrizable
locally compact abelian group).

When G is not abelian (7.13) holds with a = 1/2. Indeed, for any eigenvalue A = \;, there
exists a representation p and a corresponding normalized matrix coefficient u = d}/ me_ such
that u is a normalized eigenfunction for A. Moreover, A must have multiplicity at least d,
(because each irreducible representation appears with multiplicity equal to its dimension in the
regular representation). As |py(x)| < 1, it follows that

lulloo < dif2 < r(i)'.

If we further assume that for each ¢t > 0, the measure i, is central, that is, satisfies p, (zV') =
pt(Vx) for any x € G and any Borel set V, then (7.13) holds with a = 1/4. Indeed, in this case,
an eigenvalue appearing at an irreducible representaion p appears in fact with multiplicity at
least d2. Hence we have

luilloo < d}/* < ()1,

7.2 Convolution semigroups on abelian groups

In what follows G is a locally compact metrizable abelian group and G denotes its dual (which
is a locally compact o-compact abelian group). The reader unfamiliar with this setting can
assume that G = G = R?. The references [11, 19, 23] provide detailed background. Both G
and G are equipped with their respective Haar measures dx and dv which are chosen in such a
way that the Fourier transform

waﬁkw:LGﬁwwm

is a unitary map from L2(G, dz) to L2(G, dv).

Let (1¢)i>0 be a vaguely continuous convolution semigroup of symmetric probability mea-
sures on G (a measure v is symmetric if v(V') = v(—=V) for any Borel set V'). By [11, Theorem
8.3], we have

in(y) =e ", qeT,

where 1) is a continuous negative definite function. Let —A be the infinitesimal generator of
the self-adjoint semigroup of contractions f +— u; * f on L*(G,dx).
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Theorem 7.4 Let M, ® be as in Definition 2.1. Assume ® does not take the value 400 and
M is C'. Assume also that t — —tM'(t) is decreasing on (0,00), tends to oo when t tends to
0, and that there exists b > 0 such that (2.9) holds. If, for allt > 0, |le”*|s—0 < eM® then,
for any T > 2(1+b), we have

<1 = ge€L>G,dx).

g€ ﬁDom(A”) and limsup W
0 P a0 )

Proof : The proof is similar to that of Theorem 7.1 with some significant technical adjuste-
ments. With the notation introduced above, the ultracontractivity of e~** implies that the
measures fi;, t > 0, have bounded continuous densities and we write du:(z) = fi(z)dz. Then

le™lomce = I fell2, fo = e

Hence, we have
1£15 = lle™ 113 < M.

By the second structure theorem for LCA groups (e.g., [23, page 110]), G = RY x H where
H contains a compact subgroup P such that H/P is discrete. Because we assume that G is
metrizable, the dual group G is o-compact ([19, Theorem 4.2.7]) and it follows that H/P is
countable. Hence there exists a countable set T’ C G and a compact U C G such that

G=Ju, (7.18)

vyel

where U, = v+ U and U,NU, has measure 0 if v # . It is convenient to fix the normalization
of the Haar measure on I' so that U has measure 1.

Recall that the function v is continuous, satisfies (0) = 0, ¥(§) = ¥(—¢) and has the
property that /1 is subadditive (see, e.g., [11, Prop. 7.15]). It follows that there is a constant

C such that, for any v € I" and any &,¢ € U,, |\ /¥(§) — /¥(¢)| < C. Moreover, by the

Riemann-Lebesgue lemma, limg_., () = oo. Hence, for any € > 0, we have

VEEU,, (L+e)7w(7) <v(€) < (1+e)y(y) (7.19)

for all but finitely many U,. Let Z. be the subset of I' such that (7.19) holds on U, when
v € Z.. Let 71,7, ... be an ordering of Z. such ¥(7;) < ¥(v;41). Let N be related to M by
(2.7). We claim that

VE=1,2..., ¢ >1+e)'N (1og\/E>. (7.20)

Indeed, for any k,

ke~ 2(+e)v () < Ze—%(lﬁ)w(w) < Z/ 6—2tw($)d§ < He_ng < 2M®)
1 1 U%‘
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and thus

(14 &)w(vyx) > sup — <10g\/— M (t )) =N (log \/E) :

>0
Now, let g be a function on G such that
1/m

~ m - IA™ gl
g€ ODom(A ) and hgljolip(—m <

Then, there exists mg such that for all m > my,

((1+8)1¢(%))2m/ \§(£)|2d£§/U 9Pl (&)mdg < (1 + )@ (m/T))*"

Ui &

Thus

[ oo (L5220

By Lemma 7.3, there exists k. such that for all £ > k., we have

T(1—¢)
/ 1G(£)2de < K~ arnaee
U.

Tk

Let N. be the number of v contained in I' \ Z. and write

gl < / aeas =3 [ la©lds

7€F

s ((vere) (L
5 (L) " (L) " 5

k<ke Tk k>k.
(Ne + ke)1/2“9”2 + Z <

1/2
/ |g<§>|2d§>
k>ke U

Tk
T(1—¢)
(Ne+ k) Pllglla + Y k0™,
k>ke

IN

IN

1/2
!§(£)|2d§>

J.

Tk

IN

IN

As T > 2(1 +b) and € > 0 is arbitrary, we can pick € > 0 such that 2(111)()1%@% > 1. Then the
T(1—¢)

series > k 20+00+% converges and it follows that g € L™ as desired.
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7.3 The case M (t) = g(log(1+1/t)),g € SRy, A > 1.

In this section, we come back to the general setting of Section 7.1. Assume that M(t) =
g(log(1+1/t)),g € SRy, A > 1. Straightforward computations show that there are constants
C1,...,¢4 € (0,00) such that, for all z large enough, we have

1)@ < P(g) < £20)71@)

and
e39” ! (x) < N(z) < eCag (@)

One can also show, as in Section 6.2, that z7'F o ®(x) tends to infinity so that Theorem 4.5
does not apply. However, for any fixed A > 1 and g € SR, under the hypotheses of Theorem
7.1 and assuming that (e7'4),5¢ is sub-Markovian, or under the hypotheses of Theorem 7.4, we
obtain the equivalence between the following three properties:

1. There exists c5 € (0,00) such that, for all t > 0, ||e™*||g_s < ec9(o8(1+1/1).

2. There exists ¢ € (0, 00) such that for any u € (), Dom(A") we have

— -,
h?rlnﬁs;}pm<oo = u € L™

3. There are constants ¢z, cg € (0,00) such that the Nash type inequality

vV f € Dom(A) with [|flls <1, 7|l f[13explesg™ [log(1 + I fll2)]) < (AL, f) + 1 £15.
holds.

Compare with Section 6.2 and note that, in the more general setting of Section 4, we were not
able to prove the equivalence between the embedding property (2) above and the other two
properties (1) and (3).

8 Examples

In this last section, we present explicit examples of situations where the various type of ultra-
contractivity behaviors discussed earlier do occur.

8.1 The infinite dimensional torus

The results obtain in this paper apply nicely to symmetric Gaussian semigroups (i.e., Brownian
motions) on the infinite dimensional torus T = R*°/Z>. The most expeditive way to introduce
symmetric Gaussian semigroups on T is to use Fourier analysis. The dual group of T is
7> that is, the set of all sequences with finitely many non-zero entries in Z. A convolution
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semigroup of measures (i );~0 is symmetric Gaussian (non-degenerate) if the Fourier transform
of p; is of the form
fin(0) = exp(—t(A0,0)), 0 € Z'>

where A = (a; ;) is symmetric positive definite, that is, satisfies a; ; = a;; and
(A0,0) = " a;;6:60; > 0 for all 6 # 0.
On smooth cylindrical functions, the infinitesimal generator is given by

—Af = Z amaif(?jf.
1]

The simplest case is when the matrix A is diagonal which we now use to provide very explicit
examples. When A is diagonal, we set a; = a;; and Ny(s) = #{i : a; < s}. Obviously,
we can obtain functions N = N4 with almost any prescribed (non-decreasing) behavior by
choosing appropriately the growth of the coefficients a;. For instance, picking a; = log(g)(i)
yields logo)(N(s)) = s, a; = (1 +i)* gives N(s) =~ sV and a; = e gives N(s) ~ log9)(s)-
In the following statement, 1,(0) denotes the value at 0 € T* of the continuous density of the
measure y; w.r.t. Haar measure, if y, admits a continuous density, and 1;(0) = oo otherwise.
With this notation, we have

p2e(0) = Jle™ I3

Theorem 8.1 Let (1)i~0 be as above. Assume that A is diagonal and N 4 is regularly varying
of index \ € [0,00]. Then, we have

LIVENG ()%= if A=0
log 114(0) ~ ¢y N4(1/t) if A€ (0,00)

2 [[Te™dNa(x) if A= oo.

See [3, Theorem 3.18]. For instance, picking a; = ¢ yields log 1(0) ~ 4 log 1 log() 1; picking
a; = (1 +0)* yields log j1;(0) ~ cat/*; and picking a; = (log(1 + ))* with a € (1, 00) yields
logy) 11:(0) ~ cot 1@~ as ¢ tends to 0.

8.2 Symmetric Lévy generators on R

On R, consider an operator A of the form

[e.9]

Aufz) = —+ / fu( + ) — 2u(z) + ulz — )] dII(y)

—00
where the Lévy measure II is a symmetric Radon measure such that

/ vl dll(y) < oo.

1+ y[?

29



This operator, originally defined on smooth compactly supported functions, is extended min-
imally to a self-adjoint operator in L?(R). The operator —A is the generator of a translation
invariant Markov semigroup H; = e~ *4. Let u; be the measure such that

Hyu = py * u.
This semigroup can be described using Fourier transform. Namely,
Hyu(€) = e Oa(¢)

where

w(E) = 2/000[1 — cos £a]dTI(z).

The function ¢ is a continuous negative definite function and ji; = e~ *. See [12, 21]. The
asymptotic behaviour of I around 0 reflects into the growth of ¢ at infinity, and ultimately in
the behaviour of 11;(0) for small ¢. See [4] for an explicit connection.

Classical Examples :

(1) Consider dIl(z) = ca|z|"'~2*dz, a € (0,1). Then 1(£) = |€[** and A = (- (%)2)
and H; is the symmetric a-stable semigroup.

(2) Consider dll(z) = |z|~'e~*ldx. Then (¢) = 2log(1 + [£]?), A = 2log [1 - (%)2} and
H,; is the symmetric ['-semigroup.

By a general result of Berg and Forst [11], the measure y; is absolutely continuous and has

a continuous density (with respect to Lebesgue measure) if and only if its Fourier transform fi
is in L'. Moreover, if fi; € L*,

le™ 245 = pe(0) = 2 / e Vdg = 2 / e d(s) (8.21)
0 0

where
U(s)=[{t>0:9(t) < s}

and z +— p(x) denotes the density of ;. It follows that (H;):~¢ is ultracontractive if and only
if, for all t > 0, e~ € L'. In this case, the density x — u(z) is continuous.

We now describe explicit results relating the behavior of ) and ¥ at infinity to the behavior
of 11;(0) at 0. We use the notation introduced before Proposition 6.2 concerning regular varia-
tion. The following result is a consequence of (8.21) and the Laplace transform techniques of
[13, Th. 1.7.1, Th. 4.12.2, Th. 4.12.11(i)], i.e., Karamata’s and Kohlbecker’s theorems.

Theorem 8.2 1. Let a € (0,2) and vy € R,. The following properties are equivalent.
(a) b ~ g at infinity.
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(b) U~ gt at infinity.
() 1(0) ~ T(L+1/a)5 (1/1) at 0.
2. Let ¢ >0, a > 1 and 0 € R,. Set O(x) = 0(x)/xz. Then the following properties are
equivalent.
(a) ¥(x) ~ c*0(logz) at infinity.
(b) logU(x) ~ c 107 Y(z) at infinity.
(c) log 11,(0) ~ (a — 1)(ac)®/=0~1(1/t) at 0.

To discuss further examples, it is convenient to consider the case where there exists an
increasing function w with w(x) = o(x) at infinity and such that

U(x) = /Ox e ds. (8.22)

In fact, using Polya’s Theorem (e.g., [18, Th. 4.3.1]), for any w as above there exists a symmetric
convolution semigroup of probability measures ()i~ such that fi;(€) = exp(—t¥~1(|£])). As
U—1(€)/log € tends to +oo at +oo, it follows that u; admits a C™ density for all ¢ > 0. Using
the monotone density theorem [13, Th. 4.12.10], we derive from Theorem 8.2(2) that, in this
context, for any 9y € R,, o € (1,00), there is equivalence between

w ~ 1Pyt at infinity
and
log p1(0) ~ (o = 1)a®/=Q71(1/1)
where Q(x) = 1o(x) /.

We are now interested in the two limit cases @« = oo and o = 1. We start with the case

a = oo. To be more precise, we will consider the case where w is slowly varying. The next
theorem follows from [13, Th.4.12.12].

Theorem 8.3 Let U be defined by (8.22) with w non-negative increasing with w(x) = o(x) at
infinity. Let x — py(x) be the smooth density of the associated convolution semigroup. Let
wo,wf be a pair of de Bruijn conjugate slowly varying functions (see [13, p.29 and Appendix
5]). Then the following properties are equivalent.

1. w~ 1/1g at infinity.
2. log tu,(0) ~ ¥ (1/t) at 0.

Example (3) Let o > 0. Referring to (8.22) and the associated Lévy semigroup, the following
properties are equivalent.
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1. w(z) ~ c(logx)™ at infinity
2. log(tui(0)) ~ c(log1/t)* at 0.
Indeed, in this case we have io(x) = ¢ '(logz)~* and, by [13, Th. A5.2], ¥ = 1/1.

Finally, we illustrate by an example what happens in the limit case where w is regularly
varying of index av = 1. See [3] for the needed Laplace transform techniques.

Example (4) Let a > 0 and recall the notation (6.11) for iterated logarithms. Referring to
(8.22) and the associated Lévy semigroup, the following properties are equivalent.

L. w(x) ~ z(log, v)~* at infinity

2. 10g<n+1) (/,l/t(O)) ~t % at 0.

More generally, we have the following result, which proves that the ultracontractivity func-
tion of a Lévy semigroup can explode arbitrarily fast at zero. Recall a definition from [21,
def.23.2, p.147]: a (probability) measure p on R is called unimodal with mode a if the functions

z — p(] = o0, z]), 2 — p([z, +-00[)
are convex on | — 0o, al and |a, +ool, respectively. That is,
p=cby+ f(x)dx,
where 0 < ¢ < 0o and f is increasing on x < a and decreasing on x > a.

Theorem 8.4 For any function G increasing to infinity at oo, there exists a symmetric Lévy
semigroup with a C* unimodal density © — pu(x) such that

lim +(0)
t—ot+ G(1/t)

:+OO

Proof : Let G be any non-decreasing function from the class R, such that G /G — o0 at oo,
e.g. one can take

G(z) = exp (/Ox G(s)ds).

Define m = G~' € Ry and let &(z) = z/m(z) € Ry. By [13, Th.1.8.2], there exists w, € SR,
(smoothly varying function, see Sec. 6.5) such that w, is increasing, w, > @, and w, ~ @ at
c0. Define f, = exp(w,); then f, is increasing, f, € C* and 1/f2 is eventually convex (at o).
Indeed, convexity of 1/f2 at oo follows from the inequality

W/ —2(W)? <0  at oo. (8.23)
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To prove this inequality we note that since w, € SRy, zw.(z) ~ w.(z) and z°w!(z)/w.(z) — 0
at 0o (see Sec.6.5). In particular, w” = o(w?) at oo and the result follows.

Since wy(x) ~ ©(z) = o(x) at oo, w,(r) ~ w.(z)/x — 0 at oo, also w, > 0. It follows that
there exists x, >> 1 such that w/(z,) < 0 and the inequality (8.23) holds for = > z,. Define
an increasing smooth function w such that w(z) = w.(x) for z > z, and w(x) is concave for
0 < z < 2. Then w satisfies the inequality (8.23) for all x > 0. Hence the function f = exp(w)
is increasing to infinity at infinity and the function 1/f? is convexe. Let ¥ be defined by (8.22)
with w as above. Let (1;);>0 be the symmetric convolution semigroup of probability measures
such that 7i;(€) = exp(—tPU~1(|¢])). Let # — p(x) be the corresponding smooth density. By
Askey’s Theorem [1], the density * — p(x) is unimodal with mode 0 if its characteristic
function @, : £ — exp(—tW1(|¢])) satisfies the following condition: ¢ — —®}(£) is convex on
the interval {¢ > 0}. That this condition holds follows easily from the convexity of the function
1/f?. Further we have

wi®) = 2 [Ttz [T et

Tx

_ / e~ St pwr (s) ds > / e—st—l—@(s) ds

_ /oo e_st+s/m(s)ds _ /00 €s(l/m(s)_t)d8-

Fot t small enough, define sy as the unique solution of the equation m(sg) = 1/t. Since m
increases to infinity at infinity, sy — oo as ¢ — 0. Therefore for 0 < ¢ < T small enough and
such that so = so(t) > z., we obtain

1e(0) > /80 e MmO ds > 55 — a,
~ rhil(l/t) = G(1/t), t— 0.
Hence, because G/G — oo at oo,
lim 12,(0)/G(1/t) = o0.

The proof is finished.
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