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ABSTRACT. We show that the LP boundedness, p > 2, of the Riesz
transform on a complete non-compact Riemannian manifold with upper
and lower Gaussian heat kernel estimates is equivalent to a certain form
of Sobolev inequality. We also characterize in such terms the heat kernel
gradient upper estimate on manifolds with polynomial growth.
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1. INTRODUCTION

The present paper may be considered as a companion paper to [2], which
gave criteria for the L” boundedness, for p > 2, of the Riesz transform on
non-compact Riemannian manifolds. Here we reformulate these criteria in
terms of certain Sobolev inequalities. That is, we deduce some LP to LP
estimates from suitable LY to LP estimates, for ¢ < p.

Let M be a complete, connected, non-compact Riemannian manifold.
The methods of this paper remain valid for other types of spaces endowed
with a gradient, a metric which is compatible with this gradient, a mea-
sure, and finally an operator associated with the Dirichlet form constructed
from the gradient and the measure. An interesting example is a Lie group
endowed with a family of left-invariant Hormander vector fields. We leave
the details of such extensions to the reader.

Let d be the geodesic distance on M; denote by B(x,r) the open ball
with respect to d with center x € M and radius r > 0.
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Denote by p the Riemannian measure, by LP(M,u), 1 < p < oo, the
corresponding L? spaces, and let V(z,r) = pu(B(z,1)).

Let A be the (non-negative) Laplace-Beltrami operator. One could con-
sider another measure ji with positive smooth non-zero density with respect

to u, and the associated operator Aj, formally given by

(At f) = /M VP di

Again, for simplicity, we stick to the standard case.

Let V be the Riemannian gradient. We can now define formally the Riesz

transform operator VA~Y/2.

Let p € (1,00). The boundedness of the Riesz transform on LP(M, u)
reads
(Rp) IV £ < CollAY2 fllp, ¥ f € CF(M),

and if the reverse inequality (RR,) also holds, one has

(Ep) IV fHp = AV fllp, ¥ f € CF(M).

One says that M satisfies the volume doubling property if there exists C'
such that

(D) V(z,2r) < CV(z,r), Vr >0,z € M,
more precisely if there exist v, C, > 0 such that

Viz,r)
V(z,s)
The heat semigroup is the family of operators (exp(—tA));~o acting on

(D,) SC’V<£)V,V7"ZS>O,:L‘EM.

L?(M, ), it has a positive and smooth kernel p;(x,y) called the heat kernel.
In the sequel, we shall consider the following standard heat kernel estimates
for manifolds with doubling : the on-diagonal upper estimate,
pe(e, x) < _C

TS V(@ Vi

for some C' > 0, all x € M and t > 0, the full Gaussian upper estimate,
(UE) pe(z,y) <

< % exp <—CM>

for some C,c > 0, all z,y € M and t > 0, the upper and lower Gaussian

(DUE)

estimates,

(LY) m exp <—d2(:t’ y)) < pi(z,y) < ﬁ exp (—dQS;ty))

for some C,c > 0, all x,y € M and t > 0, and finally the gradient upper

estimate

C
(G) [Vepi(2,y)| < W



RIESZ MEETS SOBOLEV 3

for all z,y € M, t > 0. It is known that, under (D) and (DUE), (G)

self-improves into

c @*(z,y)

Vo) < e (<5 )
for all z,y € M, t > 0, see [15] and also [12, Section 4.4]). It will follow
from Proposition 2.1 below that assumption (DUE) is not needed here.

Recall that (DUE) plus (D) implies (UE) ([18, Theorem 1.1], see also
(12, Corollary 4.6]), and (UE) plus (G) and (D) implies (LY) ([21]). We
shall see in Proposition 2.1 below that (G) implies (DUE), therefore (G)
plus (D) implies (LY'). Conversely, (LY') implies (D) (see for instance [24,
p.161]).

The following is one of the two main results of [2] (Theorem 1.4 of that
paper).

Theorem 1.1. Let M be a complete non-compact Riemannian manifold
satisfying (D), (DUE), and (G). Then the equivalence (E,) holds for 1 <
p < 00.

Taking into account Proposition 2.1 below, one can skip condition (DUE),

and formulate this result in the following simpler way.

Theorem 1.2. Let M be a complete non-compact Riemannian manifold
satisfying (D) and (G). Then the equivalence (E,) holds for 1 < p < oo.

Let us now introduce an L? version of (G), namely

_ C,
(Gp) [[Ve tA|||p—>p < 7% Vi>0.
The other main result of [2] is the following (Theorem 1.3 and Proposi-
tion 1.10 of that paper).

Theorem 1.3. Let M be a complete non-compact Riemannian manifold
satisfying (D) and (LY). Let py € (2,00]. The following assertions are
equivalent:

(a) (R,) holds for all p € (2, po).

(b) (Gp) holds for all p € (2,po).

(c) For allp € (2,p), there exists C, such that

C
Ve y)]lp < L, Vt>0,y€M.
VE[V(y, V)] "

According to Proposition 3.6 below, we will be able to add another equiv-

alent condition in the above list, namely

(d) For all p € (2,py), there exists C, such that || [V f] 12 < Collfl IAf . ¥V f € CF(M).
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The two above results are the cornerstones of the present paper. Our main
results are Theorems 4.1, 4.2 and Corollary 4.3 below. In Theorem 4.1, using
Theorem 1.3, we give a necessary and sufficient condition for (R,) to hold
for p in an interval above 2 on manifolds with polynomial volume growth
satisfying (D) and (LY'), in terms of an LP— L7 Sobolev type inequality with
a gradient in the left-hand side. In Theorem 4.2, we give a necessary and
sufficient condition for (G) on manifolds with polynomial volume growth
satisfying a mild local condition, in terms of a multiplicative L> Sobolev
type inequality, with a gradient in the left-hand side. In Corollary 4.3 we
deduce from Theorem 4.1 and Theorem 1.1 that this L> Sobolev inequality
alone implies (F,) on manifolds with polynomial growth and the above local
condition.

Here is the plan we will follow. In section 2, we prove that (G) implies
(DUE), together with a similar statement for some related kernels. In sec-
tion 3, we give a first version of our results for manifolds with doubling and
a polynomial volume upper bound. In section 4, we assume full polynomial
growth and obtain more complete results. Finally, in section 5, we give

applications of our methods to second order elliptic operators in R™.

2. GRADIENT ESTIMATES IMPLY HEAT KERNEL BOUNDS

Note that the following result does not require assumption (D).
Proposition 2.1. (G) implies (DUE).
Proof. For x € M, t > 0, define

K = K({L‘,t) _ V(-T, \/Z)pt(x,:l:)

We claim that
K

L) 22—
(PR
forall y € B(x, %Z) Indeed, according to (G) and the mean value theorem,
for such vy,
Cd(y, ) C K+t K
y L) — x,T < < = .
Py, ) =2l DS G S V) © - Vi D

Thus, given the definition of K,

, L > T,T) — =
pt(y ) = pt( ) (.T, \/g)
hence the claim. Now

> /M Py, x) dp(y) > / Py, %) dp(y)

Bz, B/t

/ Kdu(y) _ KV(, ")
B(%KT\/Z) V(SL’, \/a V(Iv \/E) .



RIESZ MEETS SOBOLEV 5

If K > C, this means that K < 1. Hence
K <max(C,1),

and
2max (C, 1)

, Vt >0,z € M.
V(z, V1)

pt<x7 'CE) S
]

As we noticed in the introduction, the following is a consequence of Propo-
sition 2.1 together with known results.

Corollary 2.2. Assume that M satisfies (G) and (D). Then M satisfies
(LY).

It may be of interest to notice that the assumption in Proposition 2.1
can be replaced by a gradient estimate of some other kernels. Namely, for

a > 0, denote by r¢(z,y) the (positive) kernel of the operator

ﬁ/o Oosa’l exp(—s(I +tA))ds.

Similarly, for 0 < a < 1, denote by p¢(x,y) the kernel of the operator

R = (I +tA)™ =

Pt = exp(—(tA)®). In the following statement, we assume doubling only
for simplicity, otherwise one has to include an additional constant in the

outcome.

Proposition 2.3. Assume (D). Suppose that ¢ = r¢ for some a > 0 or
ql = pt for some 0 < a < 1. Next assume that M satisfies the gradient
upper estimate
() Vet (9] €

ViV(y, V1)
forall z,y € M, t > 0. Then M satisfies (DUE).

Proof. First note that in all cases

/ ¢ (z,y)du(y) <1, Vo € M.
M
Fix x € M, t > 0. Define

V(z, vVt)gf (z, )
5 :
Exactly as in the proof of Proposition 2.1, one shows that

K = K(x,t) =

K <max(C,1).
To finish the proof of Proposition 2.3, note that, for a > 0,

a/2 a
pe(x,2) = |[peya( )2 < Cllrtly (@) |2 = Crfy(, ).
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Indeed, write
exp(—tA) = exp(—tA)(I + tA)* (I +tA)™?,

so that
(e x) = exp(—tA) (I + tA)*ri (-, x),

and since by spectral theory the operator exp(—tA)(I + tA)* is uniformly
bounded on L?*(M, i), the claim is proved.
Similarly, for 0 < a < 1, writing

exp(—tA) = exp(—tA) exp(tA)* exp(—(tA)?),
one sees that

pi(@, ) = [[peya (s 2) |2 < Clipg (s 2)ll2 = Cpli. (x, 7).

3. DOUBLING VOLUME

Recall that (LY') implies (D). Thus the doubling volume assumption will
be implicit in the first two statements of this section.

Theorem 3.1. Let M satisfy (LY). Let v > 0 be such that

(3.1) V(z,r) <Cr’,Vr >0,z M.

Let pg € (2,00]. Assume

(3.2) 11V A1l < Cola3G) 3 1)), ¥ f € C(M),

for all p € (2,po) and some 1 < g < p. Then (R,) holds for all p € (2,py).

Proof. Let p be such that 2 < p < py and ¢ € (1,p) such that (3.2) holds.
Taking f = pa(.,y) = exp(—tA)p:(.,y), t > 0, y € M, in (3.2), one obtains

VP2t )l < Coll A G50 S exp(—tA)pi(-, ) o,

hence, by analyticity of the heat semigroup on L4(M, u),

1

_v(l1_1\_1
Vot ()l < Ct2G3) 73| py( )Ly, V>0, y € M.

On the other hand, (UFE) yields

C
Hpt(wy)Hq < 1 1» Vit > 0, Yy < M.
[V(y.vt)] *

Hence

Ct™s Ly i
11902, )lly € ————— |5V VA]" 7, Ve 0.y e M.
[V, V] *
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and, according to (3.1), the quantity =2V (y, v/t) is bounded from above,

therefore

C/
(3.3) VP2 (- 9)llp < —, Vt>0,y€ M.

NARYO e

One concludes by applying [2], namely Theorem 1.3 above.

g

Remarks:
-Remember that it follows from [9] that, under the assumptions of Theo-
rems 3.1, (R,) also holds for p € (1,2]. As a consequence, (RR,) also holds,

therefore assumption (3.2) implies
|2l < GllaTG3)*2 £, v f € G (M),
hence, by making the change of functions AY2f — f, the Sobolev inequality
1l < Gl AT gy, v f € Ce(M).

It follows that

V(z,r) >cr”,¥Yr>0,z€M
(see [6]). Thus, in fact, under the assumptions of Theorem 3.1, the volume
growth of M has to be polynomial of exponent v (in particular, v has to
coincide with the topological dimension of M). However, the fact that we
do not use explicitly polynomial growth in the proof will allow us below
some true excursions in the doubling volume realm.

-An equivalent formulation of (3.2) is

VI < CollA%fllg, ¥V f € C (M),
for all p € (2,p0) and some a > 1/2, with ¢ = m In particular,
a=1and q= % is a valid choice. See Section 5 below.
-When py < oo, if one assumes

1 1

(3.4) 1V F] o < O3 G355 411, v 1 e Co(0),

instead of (3.2), one still obtains the same conclusion by interpolation.
-One can also replace (3.2) by the following weaker inequality

V£l < CollA2FIG Nl ¥ f € CE (M),

q2

Where0<0<1,1§q1,q2§oo,%<l%+lq;29<1and

a@:u(£+1_9—l>+1.
q1 q2 p

Here also, one can take p = py.

In the next statement, we shall relax the volume upper bound assumption

for small radii. This can be useful in situations where the volume growth is
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polynomial, but with different exponents for small and large radii, say for
instance the Heisenberg group endowed with a group invariant Riemannian
metric.

We shall say that the local Riesz inequality (R,);. holds on M if

YVl < Co (1A fllp + 11£11,) » Y f € CF(M).
This is the case for instance if M has Ricci curvature bounded from below
(see [3]).
Theorem 3.2. Let M satisfy (LY) and (Rp)ic. Let v > 0 be such that
(3.5) V(z,r) < Cr¥,¥Yr>1,z € M.
Let py € (2,00]. Assume (3.2) for allp € (2,po) and some 1 < q < p. Then
(R,) holds for all p € (2, po).

Proof. Given (3.5), the same proof as in Theorem 3.1 yields

C
VD2 )l < —, Vi>1,yeM

VE[V(y, V] 7

On the other hand, (R,). easily implies, by analyticity of the heat semi-

group on L"(M, ),

_ 1
Ve, < C (%+ 1),

for all t > 0, hence, following [2, p.944],

C
|va2t(7y)‘”p§ 11> VtglayeM

Vit [V (y, V)]

One concludes as before.

Remark: One way to ensure (3.5) is to assume (D,,) and

(3.6) sup V(z,1) < +oo.
xeM

Let us consider now the limit case p = oo in inequality (3.2).

Theorem 3.3. Let M satisfy (D), (DUE), and (3.1) for some v > 0.
Assume

1—¥tae vtg
(3.7) 1Vl < Cllflla = IA“2f ™, ¥ f € CF(M),

for some q € [1,00) and some a > £+1. Then (Ep) holds for allp € (1,00).
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Proof. Taking again f = py(.,y) = exp(—tA)ps(.,y), t > 0,y € M, in (3.7),
and using the fact that (UE) yields

C
(3.8) 1P 9)lly € —————, ¥t >0,y € M,
(V({y,v)] *
one obtains
C /2 VTJC;I
VD2 (5 ) lloo < — o 1AM exp(—tA)p: (-, y) |
[V(:% \/Z)} (1 q)(l agq )

hence, by analyticity of the heat semigroup on LY(M, u) (when g = 1, it
follows from (UE), see for instance [14, Lemma 9], [13, Theorem 3.4.8, p.103]
or [23]),

C _avig VTT
119p2r(9)llloe < A ek $C2) paC )l
V(y, Vi) T
C _v+g
< t

VitV (y, V1)
hence, using (3.1),
I19paC)lloe < <, Ve 0,y € M,
VIV (y, V1)
that is, (G). One concludes by applying [2], namely Theorem 1.1 above.

g

Theorem 3.4. Assume that M has Ricci curvature bounded from below. Let
M satisfy (D), (DUE), (3.5) and (3.7) for some v > 0, some q € [1,00)
and some a > ¢ + 1. Then (Ep) holds for all p € (1, 00).

Proof. Given (3.5), the same proof as in Theorem 3.3 yields
C
VD2 )|l £ —=——=, VE>1,y€ M,

VIV (y, vt)’

that is, (G) for large time. Since M has Ricci curvature bounded from below,
it follows from [21] that (G) also holds for small time. One concludes as
before. 4

Note that inequality (3.7) is known in R", with v = n.

Remark : Let the space Lip(M) be the completion of CF(M) with
respect to the norm

:L‘ J—
||f||Lip = Sipw

7Y
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It is well-known that, if f € Lip(M), then f is differentiable almost every-
where and

I lLip = 1V oo

By the reiteration lemma (see for instance [4, Proposition 2.10, p.316]),
inequality (3.7) is equivalent to the embedding

[Lgm Lq]e,l - Lip,

where [X, Y] o denotes the real interpolation space between X and Y with
parameters 6 and r, 0 = ”a—J;q, and L? is the completion of CJ(M) with
respect to the norm ||A%/2f||,. Then it is a well-known fact (see for instance
[5, Proposition 3.5.3] and modify it to obtain a version for homogeneous
spaces) that
[Li, Lq]e 1= Agg7
where the Besov space AP is defined via the norm
T s dt
S S I
0
for k > «/2. Finally (3.7) is equivalent to
A‘%’}H — Lip.

Let us finally consider the limit case ¢ = oo in Theorem 3.3. Here, no

upper volume bound is needed.

Theorem 3.5. Let M satisfy (D) and (DUE). Assume
1—1

(3.9) HVf s < Cllflloe * A2 fll%, ¥ f € CF(M),
for some a > 1. Then (E,) holds for all p € (1,00).

Let us emphasize the particular case o = 2 of inequality (3.9):
(3.10) VI < ClifllsllAflloos ¥ f € CF(M).
Proof. Substituting exp(—tA)f in (3.9) yields
1-1 a 1
1V exp(—tA) f|[loo < Cllexp(—tA) flloe A2 exp(—tA) f| %

Recall that it follows from (DUF) that the heat semigroup is analytic on
LY (M, i), hence by duality

1A% exp(—tA) fllo < CE 2| fl -

The heat semigroup being uniformly bounded on L (M, 1), one obtains
1V exp(—tA) fl oo < CE2| f ooy

that is, (G), or

sup Vi [ [Vapi(,y)| dp(y) < oo
reM,t>0 M
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It is well-known and easy to see that (G.) together with (D) and (UE)
implies (G) (in fact, these conditions are equivalent, because of the already-
mentionned self-improvement of (G)). One concludes again by applying [2],

namely Theorem 1.1 above. U

Next we discuss a result which does not require any assumption on the
volume growth and which is motivated by (3.10). This result is contained
in [16], with a similar argument, in a discrete setting. For another approach
to inequality (3.11) below, see [10, Section 4].

Proposition 3.6. For any 1 < p < oo, condition (G)) is equivalent to :

(3.11) HV A < CUAlIAS ], ¥ f € G5 (M).

Proof. To prove that condition (3.11) implies (G,) we modify slightly the
argument of the proof of Theorem 3.5. Namely, we put o = 2 and replace
L norm by L? norm.

To prove the opposite direction, write
V(I +tA) = /00 Vexp(—s(1 +tA)) ds.
Hence, for suitable f, O
I +48) fll, < [ e 19 exp(—st) il s
Assuming (G,), one obtains, for f € LY(M, u),

IV + A, < qéeﬂm>mwmw

= el [ s e
0

_ ),
Hence
IVl < CEY2I +tA)f,
< C(fllp + 1EA) fll)
= CV(I A1l + AL p)-
Taking ¢ = || f||pl|Af]|, " yields (3.11). O

4. POLYNOMIAL VOLUME GROWTH

Theorem 4.1. Let n > 0. Suppose that M satisfies upper and lower n-
dimensional Gaussian estimates
d*(z,y) d*(z,y)
¢/ e = <t 2 i
ct™ " exp < | Swley) < exp or )
for some C,c >0, all x,y € M andt > 0.
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Let pg € (2,00]. Then the following are equivalent:
i)
(4.1) 1951l < Cral A3G2) T35, v f € C3F (M),

for some q € (1,p), and all p € (2, po).
i1) (Ry) holds for all p € (2, po).

Proof. Let ¢ and p be such that 1 < ¢ < p < oo and p > 2. According
to [26], the following Sobolev inequality is a consequence of the upper heat

kernel estimate :

1_1

Ifll, < ClaEG=2)p), ¥ f e CF (M),
and in particular
1AV fll, < oA G 5 fl, v f € (M),

Thus (R,) for some p > 2 implies (4.1) for all ¢ such that 1 < ¢ < p, and in
particular i) implies 7).

Conversely, observe that the heat kernel estimates imply V(x,r) ~ r",
Vr >0,z € M (see [19, Theorem 3.2]). Therefore Theorem 3.1 applies

with v = n and shows that ¢) implies 7).
U

Remarks similar to those after Theorem 3.1 are in order. We add one

more.

Remark: According to [1, Theorem 0.4], under the assumptions of The-
orem 4.1, there always exists a py such that i) holds. It would be nice to

have a proof of this fact using 7).

Again, we shall now consider the limit case p = oo of inequality (4.1).
We shall have to make local assumptions in order to ensure that the
quantity
0(t):= sup u"?pu(x,x) = sup u?| exp(—ud)|1—o

O<u<t,z€M O<u<t
is finite for some (all) ¢ > 0. For instance, a local Sobolev inequality of
dimension n is enough, since then sup.,, pi(z,7) < Ct™/2 0 < t < 1.
This holds for instance if dim M < n, M has Ricci curvature bounded from
below and satisfies the matching condition to (3.6) : inf,cp V(x,1) > 0.

Theorem 4.2. Assume that M has Ricci curvature bounded from below.
Let n € N*. Assume that

(4.2) V(z,r)~r", VYr>0,ze M.
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Then M satisfies the heat kernel gradient estimate (G), that is
d*(x, y))

ct )’

for some C' >0, all x,y € M and t > 0, if and only if

(4.3) Vapi(e,y)| < O™+ exp (—

1_ntq ntq
(4.4) Vs < Cllflla = A2 5], ¥ f € CF(M),

for some (all) g € (1,00) and some (all) o > 2 + 1. Moreover if (4.3)
r (4.4) holds, then M satisfies (LY), that is the upper and lower n-

dimensional Gaussian estimates

2 2
(4.5) ct™"Zexp (—CM) < pi(,y) < Ot exp (—c—d (f’w) ,

for some C,c >0, all x,y € M andt > 0.

The following result is a direct consequence of Theorem 4.2 together with
[2, Theorem 1.4], that is, Theorem 1.1 above.

Corollary 4.3. Assume that M has Ricci curvature bounded from below,
and satisfies (4.2) and (4.4). Then (E,) holds for all p € (1,00).

Let us prepare the proof of Theorem 4.2 with two lemmas. The first one
is reminiscent of Proposition 2.1 : it shows that a certain gradient estimate

implies an upper bound of the heat kernel.

Lemma 4.4. Assume that M has Ricci curvature bounded from below and
let n > 0. Assume that, for some ¢ > 0,

(4.6) V(z,r) > er”,

for all x € M and r > 0. Next suppose that, for some q € [1, 0],
_n+q

(Gloo) IV exp(=tA)|[lg00 < CT 2

for allt > 0. Then there exists a constant C' such that

sup py(z,z) < C't"?
reM

for all t > 0.

Proof. Set 0(t) = Supg.y<s. zens W 2Pu(@, ) = supg,<; w2 exp(—ud) |1 0.
Remember that the curvature assumption together with the volume lower
bound ensures the finiteness of 0(t) for all t > 0. Using (G7 ) and interpo-

lation, we can write

IV exp(=25A)[[[1m00 < [[[V exp(=sA)[[lgooll exp(=5A)[[1-

< Cs™ 5" (9(3)3_5)1_E
= CS_H—QHQ(S)l_%
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For x € M and s > 0, define

8" pas(, )

K=K(s,z)= 5

For all y € B (x, K\/f'_ >,
Co(s) 4
|p28(ya ZL‘) - pZS(xax)| < d(y,l’) Su]\l:/; |Vp25(Z,ZE)|
zE€
d(y, 2) [V exp(=2sA)|[[1-00

Kys CO(s)"a K

IN

< =
S Copt s o
therefore
< K 2K K K
p28(yax) = pQS(;E,QZ) - sn/2 - gn/2 o gn/2 - sn/2’
Hence

1 > /pzs(y,x)du(y)Z/ p2s(y, ) dp(y)
M B(I,K\{E_l>
co(s) 4

/ K ( ) KnJrl
> —= du(y) > c———— =,
= R Cm(s)" 0

ce(s)1 q

using (4.6) in the last inequality. Since 6 is obviously non-decreasing, we

also have
Kn+1
1> 1y
Ccro(2s)" )
that is )
n n+1
K(s,z) < (C—e<2s)”<1—é>> :
c
hence L
cn 1)) "+t
K(s,z) < (—Q(Qt)”(lq))
c
for 0 < s <t.

Taking supremum in z and s yields
1
n cr 1\
272719(2t) < (—H(Qt)"(l_q)) .

(11
Since (: Hq) < 1, it follows that 6 is bounded from above, which proves

the claim. H

Remark: One can write a version of the above lemma in the case where

V(z,r) > v(r), for some doubling function wv.

The lemma below yields as a by-product a new proof of inequality (4.4)

in R™. It does not require any volume growth assumption.



RIESZ MEETS SOBOLEV 15

Lemma 4.5. Let 1 < ¢ < oo and n > 0. The following estimates are
equivalent:

(e 1V exp(—tA) [lpmne < CE5, 1> 0

V(I +tA)7a/2|Hqﬂoo < Cat_nTzq
for some (all) a > 2 +1 and all t > 0.
i)
1191l < CILEL NA2FI, ¥ f € C (M),
for some (all) a > 2 + 1, that is, (4.4).

Proof. We shall show that i) = i) = iii) = i).
Write

V(I +tA)? = /Oo (/D15 exp(—s(1 + tA)) ds.
Hence, for suitable f, :
190+ 08) 2l < [ /2729 exp(—st) o .
Assuming (G7 ), one obtains(,) for f € LY(M, p),

e _n+g
NIV +tA) 2 fl|l < C/O s (ts) "2 || f|g ds

_ Ct‘@foHq/ (/22 -(3/2) s g
0
_n+tq
= Cat™ 20 || fllg,

since o > §+1.

Assume i), and write

1V 1l

IN

Ot 5 |(1 +48)* |,
_ntq o
< Cat™ 2 ([Ifllg + (A2 ]l)
_Lﬂ « (0%
= Ot 2 ([|flly + A2 f).
The second inequality relies on the LP-boundedness of the operator (I +
tA)2(T + (tA)*/2) 71 (see [25], or use analyticity).
Taking ¢ = || f||/*(| A2 f||,* yields iii).
Finally, assume iii). Replacing f by exp(—tA)f, one obtains, by contrac-
tivity and analyticity of the heat semigroup on L(M, i),
1—nta ntq
[[Vexp(—tA) flll < C||6Xp( tA) fllg " [|AY exp(—tA) fl4™
< CroE |l = 07 ),
that is, 7). O
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Remark: The above lemma also holds for ¢ = 1, oo, provided the heat
semigroup is analytic on L'(M, p1), which is the case, as we already said,
if it satisfies Gaussian estimates and (D) holds. Note that, according to
Lemma 4.4, this is automatic from i) under the boundedness from below of

the Ricci curvature and (4.2).

Proof of Theorem 4.2. Assume (4.4). By Lemma 4.5, (G} ) follows, and
by Lemma 4.4,

(4.7) sup p(z, ) = || exp(—tA)||1m0e < C't7/?
xeM

for all £ > 0. The Gaussian upper bound follows:

& (z, y)) |

pi(z,y) < Ct™™2exp (—

Ct
for some C,c¢ > 0, all z,y € M and t > 0. By interpolation, (4.7) yields
(4.8) lexp(—tA)||1_y < Ct0=2)/2,
Combining (Gy ) with (4.8) yields
(4.9) sup [Vpi(w, )] = [[|V exp(—tA)|[[100 < Ct7F,

zyeM
which together with the upper bound yields the Gaussian lower bound
d?
ct "% exp (—M) < pi(2,y).
ct
Finally, (4.9) self-improves into (4.3).
Conversely, (4.3) obviously implies (G7 ) and, together with the volume

upper bound, (G, ) or, in other words, (Go):

sup/ Vapi(, )] du(y) = [V exp(—tA)][|aomce < CEH2.

zeM J M

By interpolation, one obtains (G7 ), therefore (4.4), thanks to Lemma
4.5. U

Remarks:
-As a consequence of Theorem 4.2, (4.4) implies, using the results in [7],

1—n n
1 flloe < ClIflle “ A2 Fll37, ¥ f € CF(M),

for a > n/q, ¢ € [1,00), and, using the results in [8],

[lzj;f)yifﬁy)') < A2 fl, Y,y € M, f € CR(M),

for a > n/q, ¢ € [1,00). It would be interesting to have a direct proof of
these two implications.
-According to known results on Riesz transforms (see [2] for references),

(4.4) is true for manifolds with non-negative Ricci curvature, Lie groups with
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polynomial volume growth, cocompact coverings with polynomial volume
growth. Again, it would be interesting to have direct proofs.

-It would interesting to study the stability under perturbation of inequal-
ities (4.4) or (4.1), in the light of the result in [11].

5. APPLICATIONS

Now we consider a uniformly elliptic operator H in divergence form acting
on R", n € N*, that is

Hf ==Y 0,(a;0;f)
ij=1
where a;; € L* for all 1 < ¢,j < n, and the matrix (a;;(z))1<ij<n IS a

symmetric matrix with real coefficients, such that

Zaij(:v)gjfi Z C|§|2, fOI‘ a.ce. SE’,S c Rn,
i,J

for some ¢ > 0. Next let A denote the standard non-negative Laplace
operator acting on R".

It follows from the above uniform ellipticity assumption and the bound-
edness of the coefficients that

Vi f(x)]? = Zaij(x)ajf(x)aif(x) ~ |V f(z)P.
i7j
We say that H satisfies (R,) for some p € (1,00)) if
IV fllls < CollHY 2y, Vf € CF(R™),

which according to the above remark is equivalent to

VA1l < Coll H£llp, Vf € CR(R™).

To avoid technicalities we assume in what follows that all coefficients a;;, b;;
discussed below are smooth. However we point out that this assumption
can be substantially relaxed.

Recall that the Gaussian estimates do hold for e7* and that the above
framework applies.

The assumption in our first application may be seen as some boundedness

for the higher order Riesz transform associated with H.

Theorem 5.1. Suppose that
(5.1) 122 fllgy < CIH*2f g, Vf € CF(R™),

for some o> 1 and 1 < qo < oo. Then, if « < ;t +1, H satisfies (R,) for
all p € (1,po), where py = %, and if o > o+ 1, H satisfies (R,,) for
all p € (1,00).



18 THIERRY COULHON AND ADAM SIKORA

Proof. The boundedness of the classical Riesz transform on LP(R", dz) to-

gether with the Sobolev inequality in R™ imply, for 1 < gy < p < o0,

1 1

19111l < a1+ g, < ClAFG N e Vf € CF(R™),

qo
as soon as o > n(qi0 - é) +1, 0 € (0, 1] being such that af = n(qio - %) + 1.
Now let @ and ¢y be such that (5.1) holds. If o > - +1, choose any p > go.

If o < 2 +1, choose py in (qo, 00) so that o = n(qio - pio) + 1. In both cases,

IV 1 o < CIE £l 115 VF € CER),

q

and (R,) for 1 < p < pg follows from Theorem 3.1 and the remarks after-
wards. g

Our next application says that (R,) also holds for small L> N W™ per-
turbations of operators with bounded second order Riesz transform.

To state this result we set
Hgf = Hf + £ E alb”(l’)ajf,
,J

where H = H, is as above. We do not assume here that the matrix
(bij(x))1<i j<n is positive definite. However we assume that b;; € L>*(R", dx)

and that ¢ is small enough so that the operator H. is uniformly elliptic.

Theorem 5.2. Suppose that b;; € L*®(R",dz) for all 1 <1i,j <n and that
0;b;; € L"(R™, dz) for all 1 <i,j <n. Next assume that for some gy < n

(5'2) “AfHQO < CQOHHOqum \V/f € CSO(Rn)v

Then there exists v > 0 such that (5.2) holds for H. for e <~ and so (R,)
holds for H. for all e < and 1 < p < po wherepio—l—l— 1

n q0
Proof. Note that (5.2) is just condition (5.1) for @ = 2. We are going to
prove that this inequality extends from H to H. for 0 < ¢ < v and apply
Theorem 5.1. To this purpose, it is enough to show that for some v > 0
and for all € < v

1
. —~ < — :
(5.3) 1Hef = Hofllp, < 5 [ravy P

Now
|Hof — Hofllg < € (Z ||aibijajf||%) :
i

Since
9;(bi30; f) = bi;(0:0; f) + (0ibij) (05 ),

one may write

> 11030 fllgp < max || bl D 005 f o + > 11Dibi;) (05 o
i ’ ij i
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hence

> 106550, £l
i
< max 15i51l00 D 110505 f lao + D 11(0:b55) (0.6) g
i i

< n? max 19351100 9502 g0 A F[lao + D 10303511105 £ 11
4,J
Here we have used the L% boundedness of the second order Riesz trans-
form in R"™ and the Hélder inequality || fglle < | fllnllgllpo-
Now recall that an inequality similar to (4.1) holds in R", that is

10; fllpo < CllASlgo-
Therefore

D 1005 f Nl <
i

(TLQ max 10151100 19:05 2 lgg a0 + max %A lgg—po Y ||3ibij||n) 1A llao-
1]

This yields (5.3) with

) ) 1
y (nQHg%x||bij||oo||aiajA v 308 [0 s > "aibij""> 2
| o 90

g

The second order Riesz transform bound (5.2) is known for various large
classes of operators. We discuss one instance of such class next.

Example: Assume the coefficients a;; of H are continuous and periodic
with a common period and that ;| d;a;; =0 for 1 < j <n. Then

IH fllp = [[Afllp, Vf € CF(R™),

foralll <p < oo (see[17, Theorem 1.3]), so that H satisfies the assumption
of Theorem 5.2. In [17], it is proved that (R,) holds for such H, but the
above shows that is it also holds for small L> N W™ perturbations of H.

Remark: It is interesting to compare Theorem 5.1, which proves that
boundedness of second order Riesz transform implies boundedness of first
order Riesz transform on a larger range on LP spaces, with the results ob-

tained in [22]. See also [20, (1.26)].

Acknowledgements: The authors would like to thank Professor Vladimir
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