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Abstract

On graphs with polynomial volume growth of exponent (), we characterize LP-Poincaré
inequalities in the range ) — 1 < p < +o0 in terms of capacity estimates, depending on
the position of p with respect to Q.
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6 Glueing Poincaré inequalities 30

1 Introduction

Let (X,d,p) be a metric measured space. Denote by B(xz,r) the ball of radius x € X and
radius r > 0, and, if f is a measurable function on X, denote by fp(,,) the mean of f on
B(z,r). One says that X satisfies the LP-Poincaré inequality (P,), for some p € [1,+o0[, if
there exists C' > 0 such that

Lo A= foenlPduscm [ Vfpdp
B(z,r) B(z,r)

whenever f is a sufficiently regular function on X, z € X, and r > 0. Here |V f| denotes the
upper gradient of f; this notion was recently designed to work in all metric mesured spaces (see
for instance [22]), but in more concrete situations one may think of the usual gradient. General
references on Poincaré inequalities in the context of metric spaces include [22] and [23].

Poincaré inequalities have recently played an important role in several aspects of analysis on
non-compact manifolds and infinite graphs. Together with the doubling volume property, (P)
ensures a good connection between volume lower bounds and isoperimetric inequalities ([12]).
The conjunction of (P,) and of the doubling volume property is equivalent to the parabolic
Harnack inequality, which is itself equivalent to Gaussian upper and lower pointwise estimates
of the heat kernel on manifolds ([34], [19], [36]), resp. of random walks on graphs ([14]); (P»)
was also used in the study of harmonic functions ([6]). If 1 < p < +o0, (P,) and the doubling
volume property imply elliptic Harnack inequalities for p-Laplace operators (see for instance
[13] and the references therein). Finally, if X is a manifold with polynomial growth of exponent
Q, (FPo) plays an important role in the theory of quasiconformal and quasiregular mappings
([25], [13]). Note at once that (P,) is stronger and stronger as p decreases (see Section 2.4
below).

It is therefore challenging to obtain a good geometric understanding of these inequalities.

Following ideas introduced by Maz’ya, one can show that (F,) is equivalent to a lower bound
of the p-capacity between two sets sitting in a ball, in terms of the volume of the sets and the
radius of the ball (see Section 2.5 below). Our main objective in this paper is to show that if X
has polynomial growth of exponent ) and p is larger than () — 1, one can give more tractable
characterizations of (P,), which do not involve the volume of |E| and |F'| any more, but instead
some lower dimensional geometric features of E and F, like their diameter and the distance
between them.

The good relationship between the metric and the gradient on a space X is shown by the
fact that the distance

Ooo (2, y) = sup{ f () = f(y); [V flllc <1}

is equivalent to the original metric d. If one replaces the L norm by an L” norm in the above
definition, one gets a family of distances d, on X, for p € [1,+oc]. Instead of considering
d(x,y) for x,y points in X, one can more generally consider §,(E, F') for E, F subsets of X.

In fact, 6,(E, F) = W, where Cap, is the more familiar p-capacity of a pair of sets.
a’pp b



Suppose that X has polynomial volume growth of exponent ). For p > @), the connection
between (P,) and the fact that 0,(z, y) is uniformly comparable to d(z, y)l_% has been made in
[7]. The case p = @ has been treated in [25]: it follows from the main result here (in a slightly
different setting) that (Pp) is equivalent to a lower estimate of dg(E, F') by

d(E, F) T
(log min(diam(F), diam(F))) ’

for E, F' disjoint and connected subsets of X.

Our aim is to put these two theorems into a common framework, and to make more sys-
tematic the relationship between estimates on d, and Poincaré inequalities (F,). The picture
strongly depends on the position of p with respect to the volume growth exponent (). For
Q) < p < 400, (P,) can be characterized in terms of upper estimates on d, on pairs of points
(Section 3). To characterize (Pgp), one has to consider pairs of connected sets £, F' and one-
dimensional features associated with them, namely their diameters and their relative distance
(Section 4). For Q —1 < p < @, (P,) also admits a characterization, in terms of an estimate
involving pairs of sets F, F', a ball containing them, and their diameters (Section 5.1). Below
Q — 1, (B,) still implies sharp upper estimates on ¢, (or lower estimates on Cap,) of pairs of
sets in terms of their diameters, but the latter do not imply (P,) in turn any more (Sections
5.2, 5.3). Note that similar limitations on the exponents appear in [33] and [17].

We have chosen to present our results on graphs, because some phenomena appear more
easily in a discrete setting. However, these phenomena may have repercussions in the continuous
world, through discretisation procedures. We leave this direction for future work.

Section 3 follows [7], with some improvements. Section 4 is a discrete version of [25], that
incorporates some ideas in [7] and uses some results of [2] and [22]. The results contained
in the rest of the paper as well as the overall perspective are new. In Section 6, we apply
our techniques to the following question: if one glues along a set two graphs with polynomial
growth of exponent @), satistying (F,), how big must be this set so that the resulting graph still
satisfies (P,)? Again, the answer depends on the position of p with respect to Q.

Most of our arguments can be adapted to the case of so-called (-Poincaré inequalities,
which, for p = 2, read

L= foenPdusor® [ ViR
B(x,r) B(z,r)

with § > 2. Such inequalities appear naturally in the context of fractals. As a matter of fact,
this adaptation has recently been started in the preprint [3], see Lemma 2.3 and Section 2.2.
We will not pursue this here.

For more characterizations of Poincaré inequalities, see [29].



2 Preliminaries

2.1 Notation

Let I' be an infinite graph. Assume that I' is locally uniformly finite, or has bounded degree,
i.e. there exists N € IN* such that every x € I' has at most N neighbours. Write = ~ y if
x,y € I' are neighbours. A path of length n between x and y in I' is a sequence z;, © = 0,..,n
such that xg =z, x, =y, ©; ~ 2,11, 1 = 0,..,n — 1. We shall suppose that I" is connected, i.e.
any two points in I' can be joined by a path, and we shall say that a subset of vertices €2 of "
is connected if any two vertices z,y € () can be joined by a path in I' all of whose vertices are
in Q. Let d be the natural metric on I': d(z,y) is the minimal length of a path joining x and y.

To be consistent with the theory of random walks of graphs, where Poincaré inequalities
are important, see [11], [14], [9], [1], we shall endow vertices (i.e. elements of I'), and edges,
i.e. pairs of neighbours in I', with weights. They will however play no essential role in what
follows. In particular, in the examples we shall consider, we will always equip our graphs with
the weight constantly equal to one.

For every pair of neighbours z,y € I, let iz = piy, > 0. Define

1) = pay,

Y~

and
Hay

p(x)
We shall make the following standing assumption on the weights:

p(r,y) =

p(z,y) >py>0forall z,yel, z~y. (po)

The space of all functions on I' will be denoted by IR', the space of finitely supported
functions by co(T).
For 2 a subset of I', define its boundary by

N={reQ FJyel'\Q, y~uz}

and its interior by
0°=Q\ o00N.

Denote by ¢(2) the space of functions on I' that are supported in Q°.
We shall take the ¢? norms of functions in IR" with respect to the measure p:

1/p
Iy = (SI@Pu) 1< < oo, 1l =suplil

zel

For Q a subset of I', || f||,.o will denote || f1qol|,.



2.2 Capacities, p-distances

For f a function on I', define the length of its gradient at x € I' by

V@ = > @)= fl

yel', y~x

Note that, in a context of analysis of the random walk on (I', ), on would rather consider

2 . 2 1/2 . .
the L? quantity (Zyer, gz [ F(2) = f(y)] p(x,y)) . Since I' has bounded degree and given
assumption (pg), this would change nothing to what follows but constants, and the above
simpler expression for the gradient is sufficient for our present purpose.

Definition 2.1 For E| F two disjoint subsets of I' and p € [1,400], let
Cap, (B, F) = mf{[[[Vf[|[}; f € R, f [p> 1, f |p< O},
Note that
Cap,(E, F) = if{[|[Vf[|[; f e R, 0 < f < 1, f [p=1, f |r=0}.

Indeed, since one takes the infimum on a smaller set, the right hand side is larger or equal.
The opposite inequality holds because, to a function f such that f |[p> 1 and f |r< 0, one can
always associate f = max(min(f, 1),0), and |||V f]|[5 < [[|Vf]][?.

More generally, if G is a connected subset of I', and if £, F are two disjoint subsets of G°,
we shall consider

Cap, (B, F; G) == mf{|[| V[l f € R', f [e> 1, f [r< O}

Note that if one changes E, F' or G to a smaller set, Cap,(E, F'; ) decreases.
For more information on p-capacities, see for instance [24].

We shall need (in Proposition 4.8 below) the following canonical way to build test functions
for the capacity. A reader familiar with the notion of modulus of curve families should consider
this property as a substitute for the fact that the modulus dominates the capacity (see [25],
prop. 2.17).

Let P = {xq, ...,z } with z;_; ~ x;, i = 1,...,k, be a path in . Say that P joins E to F
inGifrg€ B, 2, € F,and z; € G, i = 1,....,k. Also, for f € R', denote by ¥ p |V f|p the
integral of the gradient of f along P, i.e. Y% |f(x;) — f(zi_1)|.

Proposition 2.2 Let G be a finite connected subset of T' and E,F C G° be disjoint. Let
f € RY be such that X p |V flp > 1 for each path P that joins E to F in G. Then, for any
p €1, 400,

V£l 6 > Cap,(E, F; G).



Proof: Define v € IR' by

Py

u(x) :min{Z|Vf|px},

if z € G, where the infimum is taken over all paths P, that join = to F' in G, and u(x) = 0
if ¢ G. Then u is a test function for Cap,(E, F'; G). Indeed, u |p= 0 is trivial and u |p> 1
follows from the assumption. Thus

IIVulll;¢ = Cap,(E, F; G).

Let now x,y € G be neighbours. Let P = {xy, ..., 2} be a path joining zo = x to F' in G,
such that u(x) =Y p |V f|p. Then P’ = {y, xg,...,xx} joins y to F in G, and

S IV Sl = 15) = F@)] +ula)

thus
u(y) < u(x) +1f(y) = f(@)].
Exchanging the roles of x and y, one sees that
u(z) — u(y)| < |f(z) = f(y)]-
If x € G°, all its neighbours y belong to GG, and one gets
[Vul(z) < |V f(2),
which proves the claim.

Definition 2.3 For E| F two disjoint subsets of T' and p € [1,+00],

6(E, F) = sup{inf f(z) —sup f(y); f € RS [V S]]l < 1}

Note that 6,(E,F) > 0 as soon as E or F is finite (take for f a suitable multiple of the
characteristic function of E or F'). In the case F = {z}, FF = {y}, the above quantity has been
considered in [7], Section 6, see also [33], Section 4. We shall denote

0p(x,y) = &({x}, {y}) = sup{f(z) — f(y): f € R [V S, < 1}.

For every p € [1,400], §, is a distance. One easily checks that under our assumptions do, is
uniformly comparable to d and that §; is always bounded, if there exists ¢ > 0 such that p,, > ¢
for all neighbours x, y.

The following property is obvious.

Proposition 2.4 For E, F two disjoint subsets of T’ and p € [1,+oo|,

1
C EF)=——.
Pl E) = B T
The quantity Cap,({z},{y}) = m is also called the Hoélder invariant (see [33]).
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2.3 Volume growth
Denote by B(z,r) = {y € I'; d(z,y) < r} the closed ball of center € I" and radius r > 0, and

define its volume
V(z,r)=p(Bz,r) = > wuy).

yeB(x,r)

One says that I" satisfies the doubling property (or is a space of homogeneous type) if there
exists C' such that

(D) V(z,2r) < CV(x,r), Ve el,r>0.

One says that I' has polynomial growth of exponent @ (or is Ahlfors-David Q-regular) if
there exists C' such that

(Vo) C™ <V(x,r)<Cr? VaeT, r>0.
We shall distinguish between the volume lower bound of exponent @), i.e.
(LVg) C™Q <V(x,r), Vz e, r>0,
and the volume upper bound of exponent @, i.e.
(UVg) V(r,r) <Cr@ Yoz eTl,r>0.
Since I' is infinite and connected, one has at least (LV7), say if there exists ¢ > 0 such that

[y > c for all neighbours z,y. Therefore we may consider only the range @) > 1.

2.4 Poincaré inequalities

For simplicity, we shall denote in what follows by 3 f the sum of f € IRl on Q C T' with

respect to p:
%:f =>_ fny).

yeN

Depending on the context, we shall denote the mean

1 Z f
)

V(.’L‘, T> B(z,r

of a function f € R" on a ball B = B(x,r), x € T, r > 0, by
/
fr<.§L’), fB(aC,T)v fB7 or Z f
B(z,r)

For 1 < p < +o0, one says that ' satisfies the Poincaré inequality at the level p if there
exists C, C’ such that

1/p 1/p
(P,) (Z\f—fr(w)lp) gCr( > |Vf|p) Weel,r>0, feR.

B(z,r) B(z,C'r)
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Note that the obvious modification one may write for p = 400 always holds under assumption

(po)-
If (D) holds and 1 < p < 400, an equivalent form of this inequality is the apparently weaker

/ , 1/p
Z |f — fr(2)] SCT( Z \Vf\p) Ve, r>0, feR. (2.1)

B(z,r) B(z,C'r)

See [21] for the equivalence.

If is clear on the latter form that (P,) implies (F,) if p < ¢. The converse is false. See [22],
and also [7]. On the other hand, the interval of p’s such that (P,) holds is open (see [28]), so
that (B,) for p > 1 always implies (P,_.) for some € > 0. Let us note in passing that the latter
property may be very useful, since it may be substantially easier to prove certain facts under
(P,_.) rather than (P,), see for instance [1], Proposition 6.3.

Note that in both forms of (P,), the constant C’ can be taken equal to one, at the expense of
enlarging C. This result was originally proved by Jerison in [26] for some subelliptic differential
operators, and a simple proof in a general setting was given in [22].

The following characterization of Poincaré inequalities in terms of maximal functions is
proved in [22], [25], see also [20]. Define My f(x) := sup,.p fr(x).

Lemma 2.5 Suppose that I satisfies (D). Then, for any p € [1,+00], (P,) holds if and only
if there exists C' such that

(@) = ()] < Cde,y) (Moo V) (@) + Meaun VI )", (22)

VfeRY, z,yel.

Note that the proof that the above condition is sufficient to get (2.1) goes by mere integra-
tion, see [22].

2.5 Maz’ya type characterization of Poincaré inequalities

Maz’ya introduced the idea that a Poincaré inequality can be described in terms of capacity
(c.f. [31], Section 4.7.5). The following result is a quantitative version of this fact.

Proposition 2.6 For any p € [1,+oo[, (P,) is equivalent to
min{|E], [F|}
rP ’

for some C > 1,¢>0, allx €T, all r > 0, and every pair E, F of disjoint subsets of B(x,r).

Cap,(E,F;B(z,Cr)) > ¢ (2.3)

To see the necessity of (2.3), simply apply (P,) to a test function for the capacity and
notice that either |fpe,| > 1/2 or [1 — fp(r)| = 1/2. The sufficiency follows from truncations
techniques as in [22], Section 12, or [2]. See also the remark after Proposition 5.1 below.

Note that the above characterization is independent of the volume growth exponent, if any.
By contrast, the form of the more precise characterizations we are going to give below will
depend on the position of the exponent p with respect to the volume growth exponent (). For
instance, the presence of the ball B(x,Cr) in the estimate can be got rid only if p > Q.

8



2.6 Sobolev inequalities

Recall that ¢y(I") denotes the space of finitely supported functions on I', and that ¢(£2) denotes
the space of functions on I' supported in the interior of the subset (2.

In all this section, we assume that I' satisfies (D) and (LVg). Then, for fixed p € [1, +o0],
(P,) implies the inequality

(55) 1£1l, < CIQMIV £l ¥R CT, f € e(Q).
One can see that (Sé?) is equivalent to the isoperimetric inequality
0T < 0o, vQ T,

and that (S§) is nothing but (LVg). Moreover, (Sg) implies (S4) for 1 < p < ¢ < 4o00. For
1 <p<Q, (5) is equivalent to the more familiar Sobolev inequality

1712 < CUIV Al ¥1 € co(D),
for p = @, to the Trudinger-Moser inequality (here one assumes @ > 1)

so ()

€N

<Cl0l, YO CT, f € o),

and for p > @, to the Gagliardo-Nirenberg inequality

1-Q Q
[Fllee < Gollflle "IV ANl YF € coll).

For all this, see [12], [7], [2], [8], [21], [22], [4], and [10].
It is clear that, in the presence of (D) and (LVg), (P,) is strictly stronger than (Sg). Indeed,
for 1 <p < @Q, (F,) implies the global Sobolev inequality

1f = (D)l g, < CNIVAllp, VF € RE,

where ¢(f) is some number; note that f is not assumed to be finitely supported (see [35], and
also [7], p.95). A simple example of graph that satisfies (Sg) but fails to satisfy the global
Sobolev inequality is obtained by glueing two copies of Z, @ > 2, along a single edge. This
example also shows that (Pg) is strictly stronger than (58 ). For p > @, this example satisfies
(P,), but by adding more copies of Z% one obtains an example that satisfies (S3) but fails to
satisfy (P,): take the graph 7, and attach to each vertex a copy of Z%, @Q > 2. Then (S5)
holds on this graph T for all p € [1, +00]. Indeed, for f € RT, write f = 3 fx, where fj. is the
restriction of f to the k-th copy of ZZ9. Let Q be the support of f and € the support of f;.
Then one has || f||, < >k || fellp, @ = Uplly and [V f|(z) > |V fi|(z) for all z € I and k € ZZ, so
that one deduces (S5) on I' from (S5) on Z% by writing

1/Q
1o < D20 fell < €21V filll, < © (Z \Qk|> IV 111l
k k k

9



Now (P,) fails on I" as one easily checks using the Lipschitz estimate below (take a function on
the line, and make it constant on the copies on Z%).
For p > @, (P,) implies the Lipschitz embedding

f(2) = F()] < Cd(z,y) PV [, Vf € RY, Va,y €T,

and for p = Q,

Q-1

[f(z) = f()| < Clogd(z,y) + 1) [[|[V[lllg, Vf € RY, Yo,y €T, x £y,  (24)

(see [7], and [2] to obtain the sharp exponent in the second inequality). One may ask whether
these properties are strong enough to imply (F,) in turn. We shall see below that it is the case

only if p > Q.
3 Q<p<+0

The main result in this section is the following. This is an improvement upon [7], where the
necessity of condition (3.1) was proved, but not its sufficiency.

Theorem 3.1 Suppose that I has polynomial growth of exponent Q). Then, for ) < p < 400,
(P,) is equivalent to

dp(x,y) < C’d(x,y)lf%, Vao,yel. (3.1)

It was observed in [7], Section 6, that the converse estimate holds as soon as the volume
growth is at most polynomial of exponent @); compare also with [33], Prop. 4.7. We recall the
proof for the sake of completeness.

Proposition 3.2 The volume upper bound (UVy) implies
5,(x,y) > cd(x,y)'"7, Va,y € T,p € [1, +odl.
Proof: Fix z,y in I, and consider f € IR defined by

f(z) = (d(z,y) —d(z,2)), .

Since |Vf| < N on B(z,d(z,y)) (recall that I' is locally uniformly finite), and |V f| = 0
elsewhere, one has |||V f||l, < N V(z,d(z,y))"?.
Now |f(x) — f(y)| = d(x,y), therefore

d(z,y)
W) 2 NV d(a, )

The claim follows from this inequality and (UVy).
0
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A consequence of Proposition 3.2 is that the diameter of the metric space (I, 6,) is infinite
if p > @ and (UVy) holds. Also, it follows from Theorem 3.1 and Proposition 3.2 that

(Vo) + (By) = 8y(w.y) = d(x,y)' 7.
See [15], [33], [16] for applications of such an estimate in a continuous setting.
Let us now prove Theorem 3.1; first for the necessity of (3.1).
Proposition 3.3 Ifp > Q, (P,), (LVy) and (D) imply
dp(x,y) < Cd(x,y)lf%, Va,yel.
Proofs: The proof in [7] goes like this. One notices first that (P,) and (D) imply
(PP) Lf = Fellp < Crll[V Il ¥V f € co(T), ¥r > 0.

Then (PP,) and (LVg) imply the Gagliardo-Nirenberg inequality

1-Q Q
(55) [fllse < Clflle "MV FIE, Y € co(T).

Finally, replacing f in (Sg) by (f — f-(x))p, where ¢ is a suitable cut-off function, yields the
Lipschitz embedding

f(2) = F(y)] < Cd(z,y) PV, Vf € RY, Va,y €T,

which is equivalent to the claim.
Here is another proof of Proposition 3.3, which is inspired from [25]. Fix z,y in I' and
f e RY. Write B; = B(x,27%d(z,y)), i € IN*. One has

+o0o
|f(ZL‘) _fBo| S Z |fB1 - fBi+1|
=0

400 /
S Z Z |f_ fB¢
Z'ZOB¢+1

400 /

i=0 B;

400 / 1/p
< 'Y 27d(r,y) (Z |Vf|p) .
B;

1=0

Here one has used (F,) and (D). Now (LVy) implies that

! v Q Q
<Z|Vf|p) < C2vd(x,y) > IV £Ill

B;

11



(2 L
Since the series 315 2i(3-1) converges, this yields

_Q
1£(2) = fr@aey] < Cdz,y) 21V £,

Similarly,
_Q
1F®) = Fawaan| < C'd@,y) "NV £l
Finally,

!
| fBd@y) = fBudeay SC D |f = fB@2day)];
B(z,2d(z,y))

and, using (Pg) and (LVp), one gets

/

, _Q
oo Uf = fae2dey| < Cd(z, )"V F]],.

B(z,2d(z,y))

The estimate o

[f(@) = fl < Cd(a,y) 7 IVl Vf € RY, Va,y €T
is again proved.

This proof has three advantages over the preceding one: it is more direct; it gives a better
estimate because one can replace in the RHS |||V f[|, by |||V f||lp,B(z,cd(,y)) (this is explained
by Lemma 3.5 below); finally, it only uses Poincaré inequalities around the points x and y, thus
it can be completely localized. This partially answers the question asked in [7], p.94. Finally
observe that an even shorter proof can be given by starting from (2.2) and using the fact that,
under (LVp),

VA
d(z,y)

(MCd(J:,y)|Vf|p) (l‘) S Cl

Let us now turn to the sufficiency of (3.1).

Proposition 3.4 Under (UVy), for p > Q, the estimate
5,(x,y) < Cd(x,y)""7, Va,y €T,

implies (P,).

We shall need a lemma, which says that the infinity plays no role.
Lemma 3.5 Assume (UVy). Let p > Q. Suppose that there exists ¢ > 0 such that

Cap,({z}, {y}) > cd(z,y)* ", Yo,y T,z #y.

Then there exist C,c > 0 such that

Cap,({z},{y}; B(x,Cd(z,y))) > ¢ d(z,y)97?, Va,y e, z £ y.

12



Proof: The proof of Proposition 3.2 shows that there exists €'} such that
Cap,({z}, B(z,r)) < C1 79 ?, Yz €T, r > 0.
Therefore, for any ¢ > 0, there exists C' large enough so that

Cap,({z}, B(z,Cd(z,y))) < = d(z,y)? ", Va,y €T, x #y.

c
2
Then the lemma follows from the inequality

(x)  Cap,({x},{y}) < Cap,({x}, {y}; B(z,2C d(x,y))) + Cap,({x}, B(x, C d(z,y))),

which we are now going to prove.
For € > 0, let u; > 0 be such that ui(x) =1, uy(y) = 0, and

IIVurllly s oc ey < Cap, ({2}, {y}; Bz, 2C d(x,y))) + ¢, (3.2)
and let us > 0 be supported in B(x,C'd(x,y)) such that us(z) =1 and
[[Vusll[; < Cap,({x}, B(x, Cd(x,y))) + & (3.3)

Then v = min(uy, ug) satisfies u(z) = 1, u(y) = 0. Also,

IIVullly < VUil s acd@y) T 1Vl (3.4)
Indeed,
IVullp < >0 Ju(e) —w(@) P+ Y0 Julz) —u(@)Pre. (35)
z€B(z,2Cd(z,y)) z¢B(z,2Cd(z,y))

2~z 2~z

Outside B(x,Cd(x,y)), u coincides with uy = 0, therefore |u(z)—u(z’)| = 0 for z & B(z,2Cd(z,y))
and 2’ ~ z (we can certainly take C' > 1). For all z, 2’ € T" such that 2’ ~ z, one sees, using the
inequality

| min(a, b) — min(a’, V)| < |a —d'| + |b — V'],

that
£ (z) = FEO < 1A1(2) = i) + [ fa(2) = fa(2)]-
Applying this to the first term in (3.5) yields (3.4). Then gathering (3.2), (3.3), (3.4), one
obtains

[[Vullly < Cap,({z}, {y}; B(z,2C d(x,y))) + Cap,({z}, B*(z, Cd(z,y))) + 2¢.
Since £ was arbitrary, this proves (x), hence the lemma.O0

Proof of Proposition 3.4: The upper bound on ¢, is nothing but the assumption of
Lemma 3.5, and a reformulation of its conclusion yields

_Q
1F(y) — F(2)| < Cdly,2)" |||V flllp.Bw.cdwe): Vf € RY, Yy, 2 €T.
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Fix z € I and r > 0, and suppose that y, z € B(z,r). Then B(y,Cd(y, z)) C B(z, (2C + 1)r)
and

F(y) = F() < C' P F [V ooy, Vf € R, Yo,y €T

By taking the average on z € B(x,r), then the supremum on y € B(z, 1), one gets therefore

_Q
Sllp ‘f f?’( )| < Cl Tl P |va‘”l773($7(20+1)7’)7 vf € ]R'Fa T,y € Fa r > 0.

B(z,r)

Now

1/p
( > 1= fr(fl?)\p) < V(x,r)'? sup |f — fo(2)].

B(z,r) B(z,r)

Together with (UVj), this ends the proof. O

Theorem 3.1 follows from Propositions 3.3 and 3.4.

4 p=0Q

From now on, we shall assume @ > 1. Let us start with a proposition which complements [7],
Théoreme 4.1, where the cases p < () and p > @) are treated.

Proposition 4.1 Under (Vy), (Pg) is equivalent to the localized Trudinger-Moser inequality
_Q_
O-1

> exp of = (@) e < CV(z,2r),
B(a,r) (ZB(J},CT) Wf‘Q)

forallz €T, r >0, f € R

Proof: Assume the localized Trudinger-Moser inequality. Since ¢ < €', it implies

T o /e
(Z lf—fr<x>\%) éc’<v<x,2r>>7( > \Vf\Q) .

B(z,r) B(z,Cr)
Now by Holder
Q-1
1/Q & ¢
Y. = fi@)] < (V(z,2r)) Zlf fr(z)e= ,
B(z,r) z,r)

therefore

1/Q
Y. f = fi(@)] < C'V(z,2r) ( > IVfIQ) ,

B(z,r) B(z,C'r)
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and, using (D),
, 1/Q
Z |[f = fol)] < C" (V(z, >>”Q( > IVf|Q) :
z,r) B(xz,C'r)

Then (UVy) yields

, 1/Q
Z If = f(z)| < C"r ( 3 |Vf|Q) :

z,r) B(z,C'r)

which is one of the equwalent forms of (Py) (see Section 2.4).

Conversely, (Pg), (D) and (LVyp) imply
> exp

< c|f ()] )
V(2 finite subset of I', see Section 2.3. Take Q = B(x, 2r) and replace f by (f — f.(z))p, where
¢ = *(r—d(.,,B(z,r))+. Using (Pg), one checks that

< ClQ, Vf € (),

1/Q 1/Q
( > |V<[f—fr<x)]so>\Q> SC( > IVfIQ)

B(z,2r+1) B(z,C'r)
(see [7], pp. 93 and 94 for details). This yields the localized Trudinger-Moser inequality. O
Let us define diam(E) = sup{d(z,y);z,y € E} + 1; in particular, we consider that a point
has diameter one.
The main result in this section is the following.

Theorem 4.2 Under (Vy), (Pg) is equivalent to

Q-1
Q

d(E, F)
min(diam(F), diam(F)) i 1)] ’ (41)

for all E, F disjoint connected subsets of I.

solE. ) < o

Note that the result of Proposition 2.6 can be reformulated in this case as

Cr
min(|E[V/e, |F|1/Q)’

where 6g(E, F, B(z,Cr)) has the obvious definition. The latter condition implies

d(E, F) + diam(F) + diam(F)
min(|E[/9, [F|'/9)

dg(E, F,B(z,Cr)) <

Vzel, r>0, FE,F disjoint subsets of B(zx,r),

do(E,F)<C , Vexel,r>0, E,F disjoint subsets of B(x,r).

Under (LVy), (4.1) is strictly stronger, but it is required only for connected sets. Compare also
with (4.10) below.

We shall first prove the necessity of condition (4.1). For this we need a lemma.
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Lemma 4.3 Suppose that (Pg), (LVg) and (D) hold. Given ¢ > 0, there exist C, ¢’ > 0 such
that the following holds. Suppose E C B(x,1) is connected with diam(E) > cr, f(y) = 0 for all
y € FE, and fpu,y) > 1. Then

S OVC >

B(z,Cr)

We shall prove in fact a more general version of this fact, which will be useful in Section
6 below. For this purpose, let us recall the notion of Hausdorff content (for details, see for
instance [30], chapter 4). Given A > 0 and F C I', we set

(note that the r; are required to be large enough, a modification due to the discreteness of

space). Then H2 is an (outer) measure and always H2 (F) < diam(E)*.

Lemma 4.4 Letp € [1,+o00[, Q@ > 1, and A > Q — p. Suppose that (P,), (LVy) and (D) hold.
Then there exist C,c > 0 such that the following holds. Suppose E C B(x,r), f(y) =0 for all
y € FE, and fpu,y) > 1. Then

PQ S VP > cHL(E).

B(z,2Cr)

Proof: Let y € E, f as above, and let k > 1 be the least integer with 2¥ > 2diam(FE). Then
the triangle inequality and (P,) give, as in the second proof of Proposition 3.3,

k / 1/p
|f(y)—fzk(y)|§0;2i( > |Vf|p) .

B(y,C'2%)

Assume first that |for(y)| > 1/3 for each y € E. Then (LVy) and the above estimate give

k
1/3 < Y 20|V £, 0 (4.2)
0
Rewrite (4.2) as
k
1/3 < C Y 2Py |1V f], iy crai)- (4.3)
0
Let M be such that i
ZZi(M—p—Q)/Z) < Mgk(Aﬂ?—Q)/p’ vV k e IN*. (4.4)

0

If one had
2_Z)‘/p|va‘”p,B(y,C/2i) < 62—/Yc(>\+p—Q)/p7

for every i, 0 < i < k, with ¢ = (3CM) ™", then (4.3) would be in contradiction with (4.4),
therefore, for some 7, 0 <17 < k,

2k(>\+p7Q)/pH|Vf|Hp,B(y,C’21) > QNP

16



In other terms, Vy € E, 37, > 0 such that

2PNV FID sy, 2= €1y

By the usual covering lemma, pick up a collection of disjoint balls B, = B(y;,r,,) such that
E C U;5B;. Then

PTG L iy = 2DV 5, > €S,

as desired. We may thus assume that for(y) < 1/3 for some y € E. As above,

1/9 < |fox(y) = fB@n| < Cr® D)V fllp.2cm.
The claim follows. O

Lemma 4.3 obviously follows from Lemma 4.4: take p = @), A = 1 and notice that, for a
connected F,

H! (E) > diam(E)/2.

Proposition 4.5 (Py), (LVy) and (D) imply (4.1).

Proof: Let us assume (LVy) and (FPp). Suppose for example that diam(E) < diam(F).
Let B(z,7) be a ball with # € E that contains E, such that diam(F) > diam(E), where
F C FN B(z,r) is a connected set and with r < 2(diam(E) + d(E, F)). Pick a minimal path
P that joins x to F in B(z,r). Then the length of P is at most r. Let 2y € P N E and define
ry = diam(F) and By = B(z1,71). Set A = (2C" + 1)/2C", where C” is the constant in (Py).
Trace along P beginning from x; until P exits B; for the last time, pick the corresponding point
xo from P, and define o = Ar; and By = B(xg,72). We continue inductively. Assuming that
x;, r;, B; have been defined, we trace along P beginning from x; to see if P exits B;. If it does
not, we stop the process. Otherwise, we pick the corresponding point x;,; from P, and define
riv1 = Ar; and B;; = B(wiy1,741). As the length of P does not exceed n, we see that the
process terminates before A“"'diam(FE) > r. Let By be the last ball that we have constructed.
For every f € R" satisfying f|g = 1 and f|r = 0, we have to prove the estimate

KOV flllg > (4.5)
for some ¢ > 0. Indeed, this shows that
6o(E, F) < Ck(Qfl)/Q7

and since \**ldiam(E) < r < 2(diam(FE) + d(E, F)), (4.1) follows.
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We have

k—1
|ka - fB1‘ < Z |fBz - fBi+1|
i=1

k=1 7
< ZZ|f_fBi+1|
i=1 B;
k—1 7
< CZ Z |f—fB¢+1‘
i=1 B;j1q
k ! 1/Q
< CY Ndiam(E) (Z |Vf|Q) .
=2 C'B;

Here we used (Pp) and (D). Now (LVg) implies that

, 1/Q 1/Q
Ndiam(E) (Z |Vf|Q) <’ (Z |Vf|Q) )

C'B; C'B;
hence
& 1/Q
(o= ol <O | X IVFA?) (4.6)
i=2 \C'B;
Notice that there is a universal constant M depending only on the constant A so that no more

than M of the above balls B; can intersect at a given point. Thus, using the Holder inequality
in (4.6), we conclude that

1/Q
\ka—fBJSC”k(Q”/Q( > \Vf\Q) . (4.7)

B(z,C'r)

We pick the first point y; € P that belongs to F and repeat the construction by using the
subpath of P from y; to x;. If we denote the resulting balls by B}, the above argument gives

1/Q
|fB,;,—fB;\g0”<k’><QWQ( > |Vf|Q) : (4.8)

B(z,C'r)

Using (Pg), doubling and (LVy), we see that

1/Q
[, = [B,| < ( > |Vf|Q) : (4.9)

B(z,Cr)

If fg, > 1/6 or if fp; < 5/6, then the desired estimate (4.5) follows from Lemma 4.3. If
|/, — fB,| 2 1/3, (4.9) gives the claim. Thus we may assume that fp, > 1/3 or fp, < 2/3,
and that fp, <1/6, fp; > 5/6. The use of inequalities (4.7), (4.8) then completes the proof.00

Before we turn to the other part of the proof of Theorem 4.2, let us give a slightly different
version of Proposition 4.5.
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Proposition 4.6 (Py) and (V) imply

Q-1
/ r @
do(E, F;B(z,C'r)) < C [log <min(|E|1/Q |F|1/Q)>1 : (4.10)

for some C >0, C'">1, and allx € T, r >0, and E, F disjoint subsets of B(x,r).

Proof: Let B(x,r) be a ball that contains £ and F. According to Proposition 4.1, (Py)

and (Vp) imply
Q_

Q-1
S o ( AL~ 1) W) < V(a2
B(w,r) (ZB(x,C’/r) |Vf|Q)

Let f be a function on I' such that f |g=1, f |Fr= 0.
Now, either |f.(z) — 1| > 1/2 or |f.(z)| > 1/2. Suppose for example that one is in the first
case, otherwise one exchanges the roles of £ and F. Then

Eexp( c/2 )W) SXE:GXP (( cffr(x))w) < OV (x,2r).

(ZB(J},C’T) |Vf|Q ZB(J},C”T) |Vf|Q
Therefore
1/Q /2
c
( >, VS IQ) > —
B(z,C'r) (log CV(‘%‘QT)) Q
and

Q-1 Q-1
Viz.2 T Q T
do(E, F; B(z,C'r)) < C (log% + 1) < (logrf| + 1)
by (UVg). This gives the claimed estimate. O

To prove the sufficiency of condition (4.1), we need as in Section 3 a lemma that enables us
to eliminate the infinity.

Lemma 4.7 Assume that I' satisfies (UVg). Let E,F C B(x,r) be disjoint subsets with
Capg(E,F) > ¢ > 0.

Then there exists C' > 1 only depending on ¢, Q) and the constant in (UVy) such that

Capg(E, I'; B(x,Cr)) > %CapQ(E, F).
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Proof: For j > 2r, define

fi)(2) = min (1, (log %) - (log @) +>

for z # x, and f(;)(z) = 0. Note that f;) =0 on B(x,r) and f;) = 1 on B(x,j). From (UVp)
we obtain, by splitting the exterior of the ball B(x,r) into annuli B(x, 281r)\ B(x, 2kr),

1-Q
J
1V 561§ < Co (1og2)

where Cj depends only on () and the constant in (UVy). Fix j large enough so that

AN
C() (10g ;> < 0/2

We have shown that
CapQ<B('r7 T)7 Bc('ra CT)) S C/2

whenever C' > % The claim then follows from the inequality
Capg(E, I') < Capg (K, F; B(x,2C1)) + Capg (B(z,7), B(x,Cr))
whose proof is identical to that of inequality (%) in the proof of Lemma 3.5.0

At this point, let us mention the related reference [37], where it is proved that under (UVy),
I' is @-parabolic, that is Capg(E, ) = 0 for every finite E.

Now the converse part of Theorem 4.2 will be a consequence of the following result, which
we state for all values of p in order to be able to use it as well in Section 5.

Proposition 4.8 Under (UVy) and (D), the estimate
Cap,(E, F; Bz, Cr)) > 1@,

for some p € [1,400), C > 1,¢ >0, forallz € T, r >0, E,F disjoint connected subsets of
B(z,r) with min(diam(E), diam(F')) > /100, implies (P,).

Proof: By Lemma 2.4 it suffices to show that

1/p
[F(@) = f)] < Cd(a,y) (Meaay VI (@) + Meaey |V FPw)
Vf e R, Va,y €T
Let f,z,y be as above. Without loss of generality, assume that f(z) = 1, f(y) = 0. Let
k € IN be such that 251 < d(x,y) < 2k+2,

Suppose first that
> IVflp>1/4
P
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for each path P that joins B(z,2*"!) to B(y,2*"!) in B(z,C2*¥*3). Then Proposition 2.2 and
the assumed lower bound on the capacity yield

4}0” |Vf| ||§7B(;,;,C2k+3) Z Capp(B(:E, Zk_l)a B(yv 2k_1); B(l‘, 02k+3)) Z C(2k+3)Q_p7

hence

872 QA e > 27 G2,

that is, by (UVqg),
EB(x,C2k+3) ‘vf‘p
V(z, C2F+3)

and by the choice of k,
M4Cd(x,y)|vf|p($) > Cld(% Y),

hence the claim.

Otherwise we can find a path P, joining B(x,2%!) to B(y,2""!) in B(x, C2¥+3) so that
Sp VSl < 1/4. We repeat the argument with B(z,2"7!) replaced by B(z,2"72) and
B(y,2%1) replaced by a subpath of P, that joins the boundary of B(z,2%7!) to the boundary
of B(z,2%).

If p |V f|p > 1/16, for each path P that joins B(z,2*72) to the given subpath of P, inside
B(x,C2%), we reason as above to see that

16p”|vf|Hi7B(x,02k) > ¢(2M)°F

hence

4p27kQ|va‘”g,B(m,02k) > 02*(k+2)p’

and the claim follows. Otherwise Y- p |V f|p < 1/16 for some such path P; by argueing in the
same way around y, either the claim is proved or we find a path P that joins B(x,2%72) to
B(y,28%) with Yp, [V flp, < 1/4+1/8.

We continue inductively: at stage 1 < j either

2(j+3)p|va‘”;B(z702k*j+1) > C<2k—j+1)Q—p

for 2 =z or for z = y and the claim follows or we obtain a path P; that joins B(x, 28771 to
B(ya 2kij71) with |
SIVFlp <1/44+1/8+ ... +27772

P;

By letting j = k the path P; joins = to y and the above sum is no more than 1/2 which is
impossible as f(x) =1 and f(y) = 0. Thus the first alternative holds for some j and the proof
is complete. O

We can now state:

Proposition 4.9 Under (UVy) and (D), (4.1) implies (Pg).
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Proof: Let z € I', r > 0, and E, F disjoint connected subsets of B(x,r) with
min(diam(F), diam(F')) > r/100.

By (4.1),

Capg(E, F) > c > ¢

(e dmmy + 1)}62_1 ~ [log (%5 + 1)}62_17

[log
and finally, since d(E, F) <,
Capg(E,F) > c.

Thus Lemma 4.7 applies, and
Capg(E, F; B(x,Cr)) > " > 0.
One then concludes by using Proposition 4.8 in the case p = (. O

Theorem 4.2 follows from Propositions 4.5 and 4.9. One can see easily that a similar
characterization does not hold if one replaces connected sets F, F' by points z,y. Indeed, there
exist graphs satisfying (V) and

do(z,y) < C(logd(x,y) + 1)% Ve,yel,x#y

but not (Pg). Consider the graph I' made of two copies of 7ZZ° glued by a single edge. The
volume growth of I' is polynomial of exponent (). The inequality

dol,y) < Cllogd(z,y) +1)°T, Yo,y eT,x#y,
which is nothing but (2.4), follows from its counterpart on Z°. However (Pp) is false on T

Finally, we refer the reader to [5] for more consequences of (Fp).

5 1<p<@Q
It is well-known that, if 1 < p < +o00, the Sobolev inequality
11l 22 = ClIV Al Vf € coll),
is equivalent to the estimate
Cap,(E) > c|E|"@", VE C T,

where
Cap,(E) = f{[|[V I} f € co(T), f |22 1}
(see [31], [27], [2], Section 10.1, and [18]).
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Let us start by noticing that global Sobolev inequalities are equivalent to similar estimates
for pairs of sets. Our task will then be to improve these estimates if (P,) holds; we will get this
way a characterisation of (F,) only for a limited range of p’s.

One says that I satisfies a global Sobolev inequality at the level p, 1 < p < @), if there exists
C' such that, for every function f on I' such that |V f| € LP, there exists a number ¢(f) such
that

1f = (Pl z2 < ClIV Il (5.1)

(see [35] and references therein).

Proposition 5.1 Letp € [1,Q[. The global Sobolev inequality (5.1) is equivalent to the estimate
Cap,(E, F) > cmin(|E|, |[F|)“@", (5.2)

for all disjoint subsets E, F of T'.

Proof: Assume (5.1). Let f be a function on I' such that |||V fl]||, < +o0, f |g=1, f |r= 0.
Suppose that |c(f) — 1| > 1/2; to treat the case |c¢(f)| > 1/2, one exchanges the roles of £ and
F. Then

Q—p

IV > el f = ()" Zc<2|f—c(f)\5_9p> * S e %
E

pQ
Q—p

The capacity estimate (5.2) follows.
Conversely, let f be a function on I' such that |||V f||, < +o0c. Given m < M, set

fm,M(x) = min(Mv max{f(x), m}>
and
gmyr = (fmpa(x) —m) /(M —m).
Then gma(z) =01in {z; f(z) < m}, and g (z) = 1in {z; f(z) > M}. Because

1V gmatllly < (M = m) "IV frnarlllp,

(5.2) implies that
emin(| B, |EY)) 0" < (M = m) ™Y |9 frul? < o0, (5.3)

where E,, = {z; f(z) < m} and EM = {z; f(x) > M}. Now, fix zy € T, choose first r large
enough so that
> VAP < e|Blao. )|, (5.4)
Be(zg,r—1)
and then M, so that f(x) > M, for every x € B(xg,r), that is B(zg,7) C EMo. Setting
mo = My — 1, (5.3) yields

. Q-p
cmin(| By, |, [B(wo, 7))@ < > [VfI",

B¢(zo,r—1)
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hence, because of (5.4),

Q—p
ABn | T < X VP

B(zo,r—1)¢

We conclude that |{z; f(z) < m}| < oo whenever m < my, therefore, since I' is infinite,
{x; f(x) > m}| = co whenever m < my.

Set
c(f) =sup{t; [{z; f(x) >t} = oo}

It follows from the above that this definition makes sense. Also, one can show as in the previous
paragraph that |[EM| < oo for M large enough, therefore ¢(f) < co. Moreover, by the definition,

{z; f(z) <e(f) + e}l =

for each € > 0. Notice also that

{z; f(2) = e(f) — et =

Now

[e.9]

Z‘f_c |pQ/Q ) < Z Z |f—c(f)|pQ/(Q’p)

J==—00{x; 27 <[ f(x)—c(f)|<2H1}

<3 AR () — ol)] 2 2}

j=—o00
Consider the decomposition
{z [f(x) (/) 22/} = AJ UA;,

where A7 = {z; f(x) —¢(f) > 2/} and Aj is the residual set. Because

{a: fl@) —c(f) <27} =

(5.3) yields the estimate

C|A;L|% < 9=(=Dp Z |vf(j)|p’
where f(j) = fe(r)+2-1, o(f)+2-1- An analogous estimate follows for [A;|. Thus

Q

{a: f(x) = ()] 2 2} < Q277D (2|9 £ 7) 77

and, summing in 7,

S _Q
Z|f_c |pQ/(Q o< Z (Z|Vf(j)|p)Q7p

j=—o0

IN

C'( i Zlvf(nlp) -

j=—00
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By [2], Section 7, or [22], Lemma 12.1,
2 2 IVl <X IVIP
j=—o0

and (5.1) is proved. O

Remark: A modification of the above proof yields the converse part in Proposition 2.6: one
chooses ¢(f) so that both [{y € B(x,r); f(y) <c(f)}| > |B(z,7)|/2 and {y € B(x,r); f(y) >

c(f)} = [B(xz,r)]/2.
In terms of 9,, the conclusion of the above proposition is that

C
o
min(| £, [F])#2

0,(E, F) <

This means that two sets are J,-close as soon as they are both big enough, but their relative
distance d plays no role, contrary to what happens when p > (). The estimates we are going
to obtain now are of the same style, even though the measure of the sets is replaced by their
diameter. This is why we shall express them in terms of Cap, rather than 9.

51 Q-1<p<@

Theorem 5.2 Letp > 1. Assume Q —1 < p < Q. Under (Vg), (P,) holds if and only if, for
some C'> 1 and ¢ > 0,

Cap,(E, F'; B(x,Cr)) > cmin(diam(E), diam(F))¢?, (5.5)
forallz €', r >0, E, F disjoint connected subsets of B(x,r).
Remarks:
-Since diam(F),diam(F) < 2r and, by (UVy), |E| < C(diam(E))?, |F| < C(diam(F))%,
condition (5.5) is apparently stronger than (2.3). Note however that it is restricted to connected
sets.

- According to Proposition 5.1, the global Sobolev inequality (5.1) only gives, if F and F
are connected,

Cap,(E, F) > cmin(|E|, |[F|)*@ > cmin(diam(E), diam(F))“@".
Conversely, under (UVgp), the inequality
Cap,(E, F) > cmin(diam(E), diam(F))? 7,
which follows from (5.5), implies
Cap, (E, F) > ¢ min(|E|, |F|)*®",
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for connected E, F'. This is consistent with the fact that (P,) together with (V) implies (5.1)
(see [35]).

- In the above condition, one computes the capacity in the ball B(z, Cr) instead in all of T".
This is essential as the graph obtained from Z? by removing all the vertices (m,0), m > 0 that
are not of the form (2",0) and the corresponding edges satisfies the above capacity condition
provided the capacities are computed over all of I but (P,) fails on I" for all 1 < p < 2. To
see that (P,) fails on T, consider balls of the form B((2",0),2"* — 1). Such a ball consists of
an upper part and a lower part, both connected and of essentially diameter 2"~! and volume
22(n=1) " connected along a single edge. For the function f that equals zero on the lower part
together with the connecting edge and equals one on the upper part, we clearly have that the
left-hand side in (2.1) is bounded from below by a constant, whereas the right-hand side is at
most a constant multiple of 2(1=2/P)(n=1)

To see that the capacity condition holds with B(z, C'r) replaced by all of the graph requires
some work. The essential difficulty is to obtain the estimate for the case when F is in the upper
part and F' in the lower. To handle this, one joins points in £ and F' by a sequence of balls
whose sizes increase geometrically when one moves away from E, F' by travelling through the
part of the graph left from (0,0). The required computations are similar to those in the proof
of Proposition 5.3 below.

By modifying the proof of Lemma 4.4, one can also see that (5.2) holds on this graph, which
yields therefore an example satisfying (Vi) for @ = 2, the global Sobolev inequality (5.1) for
1 <p <@, but not (£,). The main result in [35] has therefore no converse.

The sufficiency of condition (5.5) for (P,) follows directly from Proposition 4.8. The neces-
sity can be proved along the same lines as Lemma 4.3.

Proposition 5.3 Ifp > 1, Q — 1 < p < Q, and (P,), (LVy) and (D) hold, then there exist
C >1, c>0 such that

Cap,(E, F'; B(x,Cr)) > cmin(diam(E), diam(F))“ 7,
forallz €T, r >0, E, F disjoint connected subsets of B(x,r).

Proof: Without loss of generality we may assume that diam(FE) = diam(F). Let y € " and
let k > 1 be the least integer with 2% > 2diam(F). Then the triangle inequality and (P,) give,
as in the second proof of Proposition 3.3,

106) = Sl < 0321 S

B(y,2?)

Let f be such that f|g =0 and f|r = 1.
Assume first that |for(y)| > 1/3 for each y € E. Then (LVy) and the above estimate give

k
1/3 < 0 20 QP |V £, Be.20)- (5.6)
0
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Set e=1—(Q/p)+ (1/p) = (p+1—Q)/p > 0. Rewrite (5.6) as

k
1/3 < O 2527 |||V £ |||, B2 - (5.7)
0
Let M (e) be such that
k
2% < M(e)2%%, Vk € IN™. (5.8)
0

If one had
2il/p|||vf|||p73(y72i) < CQ?Ek’

for every i, 0 < i < k, with ¢ = (3CM(e))™", then (5.7) would be in contradiction with (5.8),
therefore, for some 7, 0 <17 < k,

QEkH |Vf| Hp,B(y,Qi) > CQi/p.
In other terms, Vy € E, 31, > 0 such that

02(P+1_Q)k|||vf|HZ,B(ymy) = "y

By the usual covering lemma, pick up a collection of disjoint balls B, = B(y;,r,,) such that
E Cc U;5B;. Then

C2PH QRN F|[} = 20D S NIV 5, 2 €3 diam(B;) 2 ¢ diam(E),

since [ is connected.

The desired estimate follows in this case as 2% < 4diam(E). The case where |fo(2)] > 2/3
for every z € F' can be treated similarly.

We may thus assume that for(y) < 1/3 and for(2z) > 2/3 for some y € F and some z € F.
Suppose for(y) > 4/9, where £ is the least integer with 2¢ > r. As above,

¢
1/9 < | far(y) = fae(y)] < C 32 20OV [l py,20) < C2 PNV ], gy, 00
i=k+1

where the last inequality uses QQ/p > 1. The desired estimate follows from this inequality. The
case where fy(z) < 5/9 is similar.

We are only left with the case where foc(y) < 4/9 for some y € E and fo(2) > 5/9 for some
z € F. Using (D) and (F,) we obtain

1 1
1/9 < |fae(2) = far(y)| < W Z |f—f3r($)|+m Z |f = far()]
g B(z,2%) ’ B(y,2%)
< C Y= far(2)]
B(x,3r)
p 1/p
< C’r( 3 \Vf\p> .
B(z,3r)
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Here we used the fact that B(z,2) U B(y,2%) C B(x,3r). It then follows from (LVy) that
1/9r97" < CII1V flllp.Baan),

and the claim is once again proved. O

52 p=Q-—-1
Here we assume () > 2. The preceding theorem does not cover the case p = ) — 1. In fact, the
lower bound
Capg_y(FE, F') > cmin(diam(E), diam(F"))

is false in X = Z%, Q > 3.

Indeed, let E be the interval [0, M] in Z C Z%. We define f(x) = (log M)~ log(d(z, E)),
when 1 < d(z,F) < M, f(x) =0, when z € F, and f(z) = 1, when d(z, E) > M. Then a
straightforward calculation gives H|Vf|ng < CM(log M)*=9, hence

Capg_(E, F) < CM(log M)*©,

if :={zel;d(z,E) > M}, whereas min(diam(F), diam(F)) = M + 1.
In the opposite direction we obtain a similar bound.

Proposition 5.4 Under (LVy), (D) and (Pg-1), one has
Capg_, (&, F; B(x,Cr)) > cmin(diam(E)(log diam(E) + 179 diam(F)(log diam(F) 4 1)'79),
for some C >1,¢>0,alxe X, r >0, E,F disjoint connected subsets of B(x,r).

We leave it to the reader to modify the proof of Proposition 5.3 so as to obtain this estimate.
Hint: replace (5.8) with

k
S i<k, Vke N
0

We do not know if the exponent 1 — () in Proposition 5.4 is the best one can obtain in a
general setting. In Z?, Q > 3, one can replace the exponent 1 — @ by the better exponent
2 — ) which is sharp by the above discussion. To see this we reason as follows. Given the sets
E and F we pick balls By and B, of radii diam(FE) and diam(F"), respectively, so that £ C B,
and F' C Bs. Let f be a test function for the capacity. We may assume that f =1 on £ and
f =0 on F. Suppose first that fop, > 2/3 and fop, < 1/3. We compare these two averages by
iterating the Poincaré inequality as in the second proof of Proposition 3.3 and arrive at

> V9! > ¢ min(diam(E), diam(F)).
B(z,Cr)
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The claim follows in this case. Suppose then that fop, > 2/3; the other remaining case is
handled the same way. Write u(x) = (diam(F) — d(z, B))/diam(F) and g(z) = u(z)(f(x) —
fap, ). Using (Pg_1) one computes that

1IValllg-1 < CllIV flllg-1-

By the geometry of Z? one finds diam(FE)/M disjoint copies of Z9! in Z° that intersect I,
where M depends only on (). The claim follows by applying the pointwise estimate at the end
of Section 4 to g on each of these copies and by summing over the disjoint copies.

Notice that the above argument used strongly the product structure of Z.

53 1<p<Q-1

Here we assume () > 2. The same I and E as for p = Q — 1 with F =T\ F and f = xp shows
that the bound
Cap,(E, F'; B(x,Cr)) > cmin(diam(E), diam(F))9?

cannot hold. Indeed, in this example we only have linear growth. This growth turns out to
hold in general.

Proposition 5.5 Letp € [1,Q — 1[. Under (LVy), (D) and (P,), one has
Cap,(E, F; B(z,Cr)) > cmin(diam(E), diam(F)),
for some C >1,¢>0,and allz €T, r >0, E, F disjoint connected subsets of B(x,r).

Again, this is better than what the corresponding global Sobolev inequality would yield in
terms of diameters. However, together with (UV), the inequality

Cap,(E, F) > cmin(diam(F), diam(F)),
for connected sets, only gives back
Cap,(E, F) > ¢ min(|E|, |F|)?,
which is weaker than the information given by the global Sobolev inequality since 1 < Q) — p.

Proof: The proof of Proposition 5.3 is modified as follows. In the case where | for(y)| > 1/3
for every y € E, we still take e = (p+ 1 — Q) /p, but now £ < 0, and 3% 2% < C(¢). One gets,
for some i, 1 <i <k,

C|||vf||p73(y,2i) > 2Z/p>

and

CIIVAIILe = Y diam(B,) > diam(E).

In the other cases, the same estimates as before hold, and they are stronger than the claim. O
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5.4 Another P metric: the Grotsch invariant

The following invariant is considered in [33].
Definition 5.6 Forz,y €T,
gp(z,y) = inf{Cap,(K); K connected subset of I' containing x and y}.

Here
Cap,(K) = inf{[|[[Vf[[I}: f € co(D), f |x= 1}.

It is not difficult to deduce an upper estimate for g,(z,y) from the upper estimate on the
volume growth. As in Proposition 3.2, this is just a matter of choosing suitable test functions.
We leave the proof to the reader.

Proposition 5.7 Under (UVy), g,(z,y) =0 if p > Q, and for p € [1,Q], one has
gp(x,y) < Cd(z,y)?", Yo,y eT.
Is is easy to see that if p < @ and (S) holds, then

Q-p

gp(z,y) > cd(z,y) 7 .

This can be improved in presence of Poincaré inequalities. Indeed, putting together the es-
timates in Propositions 5.3, 5.4 and 5.5, and using the assumption that I' is connected and
unbounded, we arrive at the following lower bounds on g,(z,y) for 1 < p < Q.

Proposition 5.8 Under (LVy), (D) and (P,), one has
gp(w,y) > Cd(x,y)"™@ PV Vo yel
when 1 <p<@Q,p#Q —1, and

go-1(z,y) > Cd(z,y)(logd(z,y))" ", Va,y €.

6 Glueing Poincaré inequalities

In this section we want to see (P,) as a connectivity property, which is less and less stringent as
p increases. As a consequence, it is more and more stable under glueing as p increases. Consider
two graphs I'1, 'y and let A =Ty N Ty be the set of vertices they have in common. The graph
'y Us 'y obtained by glueing I'y and I's along A is the graph whose vertices and edges are those
of I'y together with those of I'y. Assuming that I'y, 'y satisfy (V) and (F,), one may wonder
how big should A be so that Iy Us I'y also satisfies (F£,)? The following theorem was obtained
in [25].
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Theorem 6.1 Let I'y, Iy satisfy (Vo) and (P,), for some p € [1,400[. Suppose A =T1NTy
satisfies the following: there are numbers Q —p < A < Q) and C > 1 so that

HY (AN B(x,r)) > C~ 1
for all balls B(x,r) that are centered at A. Then I'y Uy Iy satisfies (P,) as well.

The proof in [25] was given in the continuous setting but the result easily generalizes to the
discrete setting. To see this, we will use Lemma 2.5. Indeed, let z1, 25 € I'y UT'5. Because both
I'; and I'y satisfy (Vg), so does also I'; UT's. By Lemma 2.5 and (P,) for I'; and I'y, we see that
it suffices to show that

1/p

[F(a1) = flaa)] < Cd(wr,25) (Meagor |V ) (1) + (Moagar g |V £ 1) ())

when z; € 'y and x5 € I'y. We may assume that f(z1) = 0 and that f(z5) = 1. To this end,
write r = d(x1, x2), and pick z € A so that d(xy, z) +d(z2, 2z) < 2r. Once more, as in the second
proof of Proposition 3.3, we have that

f(2:) = FBn] < Cr (Mo |V FIP) ()"

where ¢ = 1,2, and the maximal functions and averages are with respect to I'y,I's. By (V) we
may replace the maximal functions with the maximal function with respect to I'y U I's. Thus
the claim follows if either fp(z, ) > 1/5 0r fp(z,,r) < 4/5. Thus assume that this is not the case.
Consider the averages fp;. (z2r), ¢t = 1,2. Again, using (P,) in I', 'y and our assumption on the
above two averages, we see that the claim follows if either fBFI(ZQr) > 2/5 or fBF2(Z72r) < 3/5.
Thus suppose that both these inequalities fail. Let

Ay ={we AN B(z2r); f(w)>1/2}
and As = (A\ A1) N B(z,2r). Now,
H2 (AN B(z,2r)) < HX(A)) + HX(Ay).

Suppose for instance that
H2(A) > HX (AN B(z,2r))/2.

Now (Vg), (P,) on I'y and our assumption on the size of A allow us to deduce from Lemma 4.4
that
SN VP> S VP> e > IV (2, C'r)d(x, w2) P

B(z1,C'r) Br, (2,Cr)

The claim follows. O

A much stronger result than indicated holds when p > (). This can be proven by appropri-
ately modifying the above argument and using results from Section 3.

Proposition 6.2 Suppose I'1,I'y satisfy (V) and (P,). If A =T1NTy is any nonempty set,
then 'y Ua Ty satisfies (P,) as well.
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The above Theorem is rather sharp. Indeed, Proposition 2.6 implies the necessity of the
condition
HYP(AN B(x,r)) > C~y@p

for all balls B(x,r) either in I'; or in I'; that are centered at A.

It would be convenient to have a sufficient condition in terms of the cardinality of ANB(z,r)
instead of the somewhat cumbersome Hausdorff content. One could expect that a uniform lower
bound of the type |AN B(z,r)| > Cr* for some A > @ — p would be sufficient. This is anyhow
not enough as the following example shows. Let A = U;B((2/,0,---,0),2//") C Z", n > 2.
Then it is easy to check that |[AN B(z,r)| > Cr for each x € A and all » > 0. However, the
measure is badly distributed and we have

HX(ANB(0,27)) < Y218 < 2027M
1

for each A > 0. Thus (P,) holds for ZZ" Us ZZ" for no p < ). One can check that (Pp) fails as
well. A sufficient condition can be given in terms of two sided estimates on |A N B(x,7)|.

Proposition 6.3 Let I'y, Ty satisfy (V) and (P,). Suppose A =T1 NIy satisfies the following:
there are numbers A > Q) —p and C' > 1 so that

C~'r* < |AN B(z,r)| < Cr
for all balls B(x,r) that are centered at A. Then I'y Uy Iy satisfies (P,) as well.

To see that this condition is sufficient, we argue as follows. By Theorem 6.1, we only need to
show that
HX (AN B(z,r)) > C '

To this end, let B(x;,r;) cover AN B(x,r). Then
Sor} > C AN B(xy,r)| > CHAN B(x,r)| > C*r,
as desired. O
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